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Dedicated to Mark Mahowald

ABSTRACT. We prove that the element hg is a permanent cycle in the Adams
spectral sequence. As a result, we establish the existence of smooth framed
manifolds with Kervaire invariant one in dimension 126, thereby resolving the
final case of the Kervaire invariant problem.

Combining this result with the theorems of Browder, Mahowald—Tangora,
Barratt—Jones—Mahowald, and Hill-Hopkins—Ravenel, we conclude that smooth
framed manifolds with Kervaire invariant one exist in and only in dimensions
2,6,14, 30,62, and 126.

Note on this blueprint. This blueprint is adapted from the paper On the Last
Kervaire Invariant Problem by Weinan Lin, Guozhen Wang, and Zhouli Xu [14].
Compared to the original paper, a “Prerequisites” section has been added, covering
foundational concepts (spectral sequences, stable homotopy theory, Adams spectral
sequence, etc.) that are not yet formalized in Mathlibv4.28. These additions pro-
vide the necessary infrastructure for autoformalization of the full proof in Lean 4.

0. PREREQUISITES

0.1. Spectral Sequences.

0.1.1. Spectral Sequences.

Definition 0.1. Let C be an abelian category. The nested subspace data (or SS
data) for a spectral sequence at a single grading index consists of:

(1) An ambient object V € C.

(2) A decreasing family of subobjects {Z, },enu{oo} of V, called r-cycles:

V=2022122,2 2 Z.
(3) An increasing family of subobjects { B, },enu{oc} Of V, called r-boundaries:
By CB1 CByC: - C B

(4) The containment B, C Z, for all r.

(5) Zw is the greatest lower bound of the finite cycles: for any subobject
X CV, if X C Z; for all i € N, then X C Z,. Together with the
monotonicity of Z, this gives Zoo = ;e Zi-

(6) B is the least upper bound of the finite boundaries: for any subobject
X CV,if B, C X for all ¢ € N, then B, C X. Together with the
monotonicity of B, this gives By, = |, - Bi-
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Together these form the nested chain
V2202212272 2Bx 22 B1 2 By.

The r-th page at this index is defined as E, = Z,/B,. The Es-page is Eo =
Z oo/ Boo-

Definition 0.2. A spectral sequence in an abelian category C with index type ¢
(typically Z™) consists of:
(1) A starting page index ro € Z.
(2) For each r > ro and index k € ¢, an object EX € C (the E,-page at index
k).
(3) A differential degree function d : Z — ¢, and differentials

d* . gk — pktd()

satisfying d,. o d,, = 0 componentwise.

(4) For each index k, nested subspace data (VX ZX BX) such that EX =
ZX/BX for r > 1.

(5) Anisomorphism H(FE,,d,) = E, 1 for each r. By the nesting B, C B,11 C
Zv41 C Z,, the differential d, has kernel Z,1/B, and image B,1/B;, so

Z7'+1/B7" o
Br+1/Br

by the third isomorphism theorem.

H(E7-, d7) = Z7'+1/B7'+1 = E7-+1

Remark 0.3. All filtrations considered in this project are decreasing.

Definition 0.4. The FE. -page of a spectral sequence E at index k is given by
the nested subspace data: EX = ZX /BX . For bounded or degenerate spectral
sequences, Fo, = FE, for all sufficiently large .

Definition 0.5. A morphism of spectral sequences f : E — E’ consists of a family
of maps ¢y : V¥ — V’% on the underlying objects at each index, preserving the
cycle and boundary subobjects:

ou(Z%) C z%, pu(BX) C BX

for all r, and commuting with differentials on the induced page maps. A morphism
induces maps on all pages E, — E! and on the E-page.

0.1.2. Convergence of Spectral Sequences.

Definition 0.6. Let FE be a spectral sequence with n-grading and let A be an
(n — 1)-graded object equipped with a decreasing filtration (Definition 0.14). We
say E converges to A, written E,, = A, if there exists an isomorphism of n-graded
objects

Ew Egr A,

where the n-grading on gr A is obtained from the (n—1)-grading of A together with
the filtration index, possibly composed with a fixed reindexing map.

Remark 0.7. This is convergence in the weak sense: we only require an isomor-
phism between E., and gr A. Conditional convergence and strong convergence (in
the sense of Boardman [4]) are not considered in this project.
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Definition 0.8. Given a reindexing rule, the category of converging spectral se-
quences has objects (F, A, F,¢) where E is a spectral sequence, A is a filtered
graded object, and ¢ : Eo, — gr A is the convergence isomorphism. A morphism
(E1, A1) — (FEa, Ag) consists of:
(1) A morphism of spectral sequences E; — FE5 (Definition 0.5), inducing maps
on F,-pages.
(2) A filtration-preserving map A; — As.
(3) Compatibility: the induced Eo-map and the associated graded map com-
mute with the convergence isomorphisms.

Definition 0.9. In the setting of Definition 0.6, the component of the n-grading
on E that corresponds to the original (n — 1)-grading of A is called the stem (or
topological degree).

Definition 0.10. The component of the n-grading on F that corresponds to the
filtration on A is called the filtration degree.

Definition 0.11. Suppose E converges to A. Let x € A be an element with filtra-
tion at least 7, i.e., # € F"A. Let  denote the image of x in gr" A = F"A/F"™ 1A
and let y € F, be the element corresponding to z under the convergence isomor-
phism. We say y detects x.

Proposition 0.12. An element x € F"A is detected by 0 € E, if and only if
x e FrHlA.

Proof. Immediate from the definition of detection and the convergence isomor-
phism. O

Proposition 0.13. Two elements x,z’ € F"A are both detected by the same y €
Eo if and only if x — 2’ € F™T1A,

Proof. Follows from Proposition 0.12 applied to z — . O
0.1.3. Filtered Complez.

Definition 0.14. A filtered n-graded abelian group is an n-graded abelian group A
equipped with a decreasing filtration: for each index k € Z", a family of subgroups
D FsTlAR D s Ak D etk O
Definition 0.15. A morphism of filtered graded abelian groups is a graded homo-

morphism f : A — B that preserves the filtration: f(F*A¥) C F*BX for all s and
k. Filtered graded abelian groups and their morphisms form a category.

Definition 0.16. A filtered chain complez is a chain complex (C,, d) in the category
of filtered graded abelian groups: the differential d : C,, — C,,_1 preserves the
filtration, i.e., d(F*C,,) C F*C,,_1 for all s and n.

Proposition 0.17. A filtered chain complex (Cy,d, F'®*) induces a natural filtration
on its homology:

F°H,(C,) =im(H,(F°C,) — H,(C.)) = ker(H,(C\) — H,(C./F°C,)).
Definition 0.18. Given a filtered graded abelian group (A4, F'), the associated

graded is
gr® AX = Fr AKX /ot AR,
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Definition 0.19. Given a filtered chain complex (Ci,d, F'*), the associated graded
complex is the bigraded object gr°C),, equipped with the induced differential d :
gr°C,, — gr°C,,_1 (well-defined since d preserves the filtration).

Definition 0.20. A filtered chain complex (C.,d, F®) is ezhaustive if |J, F*C,, =
C,, for all n.

Definition 0.21. A filtered chain complex (Cy, d, F'*) is Hausdor{f (or separated)
if N, F°C,, = 0 for all n.

Definition 0.22. A filtered chain complex (C.,d, F®) is bounded if for each n,
there exist a < b with F*C,, = C,, and F**t1C,, = 0. A bounded filtration is both
exhaustive and Hausdorff.

Definition 0.23. Given a filtered chain complex (C,, d, F'*), we construct an SS-
Data structure. The spectral sequence starts at Ey with (n + 1)-grading.

(1) Define V5t = gr*C,, the associated graded.
(2) Define Z%! as the image in gr®Cyy; of those © € F*Cyyy with dz €
FS+TCS+,5_1 .
(3) Define B! as the image in gréCs;, of those elements of the form dy with
RS FSiTCS_Hg_‘_l.
The differential d, : E3! — EsT="+1 ig induced by d: for [z] € Z3*t, define
d.|z] = [dz] € Estrt=rTl,

Proposition 0.24. The differential d,. in Definition 0.23 is well-defined and sat-
isfies d, o d, = 0.

Proof. This is verified by a direct computation in the filtered complex, showing
that the composition of two successive page differentials factors through zero. [

Theorem 0.25. The nested subspace data and differentials from Definition 0.23
satisfy the axioms of a spectral sequence. Specifically:

(1) B, C Byy1 € Zpy1 C Z, for all r.

(2) Bst = 234/ B3

(8) H(E,,d,) = Eyq1.
The spectral sequence starts at Eg’t = F3Csy /ST Csyy with differentials d,. :
Ef’t N Eﬁ+r,t7r+1'

Theorem 0.26. If the filtration on a filtered chain complex is exhaustive and Haus-
dorff, then the associated spectral sequence converges to the homology:

E,;s:’t — H5+t(c*).

The convergence isomorphism is ES! = gr®Hg,(C.) with respect to the induced
filtration from Proposition 0.17.

Definition 0.27. A morphism of filtered chain complexes f : (Cy, F') = (Dy, G) is
a chain map f : C, — D, preserving the filtration: f(F*C,) C G*D,, for all s,n.

Proposition 0.28. A morphism of filtered chain complexes induces a morphism
of the associated spectral sequences. This construction is functorial.
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0.1.4. Crossing of Differentials.

Definition 0.29. Let E be a spectral sequence. A differential d,.(z) = y is called
essential if y # 0 on the E,-page. Equivalently, d,(x) = y is essential if x is not
a boundary and y is not zero in E,.. A differential is inessential if y = 0 on the
E,.-page.

Definition 0.30. A differential datum in a spectral sequence E is a triple (r, z,y)
where © > 79, x € EX, and y € E,lf+d(r) with d,.(z) = y. We say the differential

ro

datum is essential if y # 0, and denote it d,(z) = y.

Definition 0.31. Let f : V3 — V5 be a morphism of converging spectral sequences,
and suppose df(z) = y is an f-extension differential with z € E3_ (V1) and y €

E3 (V).
(1) We say that df (x) = y has a crossing that hits filtration p for some p <
s+ n, if there exists 2’ € E5F*(V1) with @ > 0 and an essential differential

d_ (@) =y for 0 £y € BEX """ (V3) such that
p < Fil(y') <Fil(y) = s +n.

(2) We say that df (z) = y has no crossing that hits the range Fil > p if there
does not exist such 2’ and y’ with p < Fil(y") < Fil(y).

(3) We say that df (z) = y has no crossing if it has no crossing that hits the
range Fil > Fil(z) +1 = s+ 1.

Remark 0.32. The following are equivalent:

e An f-extension df (r) = y has no crossing that hits the range Fil > p.
e For any a > 0, if there is an f-extension from 2’ € E31%(V;) to some
nontrivial ¢/, then Fil(y') < p or Fil(y) > Fil(y).

Proposition 0.33. An f-extension from x toy has no crossing in the range Fil > p
if and only if for all [x] € {z} such that Fil(fa[z]) > p we have fa[z] € {y}. In
particular:

(1) An f-extension from x to y has no crossing if and only if for all [x] € {z}
we have falz] € {y}.

(2) An f-extension di(x) = 0 has no crossing if and only if for all [x] € {z},
Fil(falz]) > Fil(z) + n.

(8) If AF(f) = n, then all d} -differentials have no crossing.

Proof. Only if. Suppose the extension has no crossing in Fil > p. Assume for
contradiction that there exists [z] € {«} with Fil(fa[z]) > p but fa[z] ¢ {y}. Let
y' be the element of E (V2) detecting fa[z], so fa[z] € {y'} with Fil(y') > p. By
Proposition 0.41 there is an f-extension from z to y’. By Proposition 0.42 (2), v’ (if
Fil(y) > Fil(y')) or y — v’ (if Fil(y) = Fil(y’)) is hit by a shorter d/-differential from
some 2’ with Fil(2’) > Fil(z). This gives a crossing that hits Fil > p, contradicting
the assumption.

If. Suppose the extension has a crossing: there exist ' € E37%(V;) with a >
0 and essential d/_(2/) = 3 with p < Fil(y) < Fil(y). By Proposition 0.41,
there exists [2'] € {2’} with fa([2']) € {¢/}. Since Fil(z’) > Fil(x), the element
[z] 4+ [2'] € {z} (as [2] lies in higher filtration). Then

fa(lz] + [2']) = fa(lz]) + fa(l2]),
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and this element is detected by vy’ (if Fil(y') < Fil(y)) or by y + ¢ (if Fil(y') =
Fil(y)). In either case fa([z]+[z']) ¢ {y} while Fil(fa([z]+[z'])) > p, contradicting
the assumption.

Parts (1) and (2) are special cases. Part (3) holds for degree reasons: if AF(f) =
n, then f4 raises filtration by at least n, so Fil(fa[x]) > s+n forall [z] € F*A;. O

0.1.5. Eztension Spectral Sequence.

Definition 0.34. Let f : V; — V5 be a morphism of converging spectral sequences,
with underlying map fa : A1 — Ay on the target groups. The underlying filtered
chain complex of f is the two-term chain complex

Cy = A 22 ¢y = A,

equipped with the filtrations on A; and As inherited from the convergence data:
FsCy = F*A;, and F°Cy = F*A,. Since f4 preserves the filtration, this is a filtered
chain complex in the sense of Definition 0.16.

Definition 0.35. The f-extension spectral sequence (f-ESS) is the spectral se-
quence
ESS(f) = FilteredComplex.toSpectralSequence(C.(f)),

obtained by applying the filtered complex construction (Theorem 0.25) to the un-
derlying filtered chain complex of Definition 0.34. By Theorem 0.26, if the fil-
trations on A; and A, are exhaustive and Hausdorff (which holds when they are
bounded), then the f-ESS converges to the homology of the underlying complex,
i.e., to ker(fa) @ coker(fa).

Proposition 0.36. The Ey-page of the f-ESS is canonically isomorphic to the
direct sum of the Eo-pages of the source and target:

ESS(f)5 = B (V1) & EZ(V2).
This follows from E§ = gr*C, = gr°A; @ gr°A; =2 E5 (V1) ® E3 (Va).

S
Proposition 0.37. Under the decomposition ESS(f)§ = ES (V1) ® ES, (Va), the
differentials of the f-ESS have the form

diSS B3, (Vi) @ B3 (Vo) — B3 (Vi) @ Ef ™ (Va),

and only the component E5 (V1) — E3™(Va) can be nonzero; the other three com-
ponents (source-to-source, target-to-source, target-to-target) vanish. This follows
from the chain complex structure: the differential of Cx maps Cy = Ay to Cy = A,
and is zero in the reverse direction.

Definition 0.38. The f-extension differential df : ES (Vi) — E33"(Va) is the
unique nonzero component of the n-th differential of the f-ESS (Proposition 0.37).
We say there is an f-extension from x € E3 (V1) toy € E3I"(V,) if d (v) = y. The
extension is essential if y is nontrivial on the E, -page; otherwise it is inessential.

Proposition 0.39. The zeroth extension differential d{; equals the map induced by
f on the associated graded:

dg =gr®(fa): griA; — gr’A,.

Under the identification gr®A; = E3 (V;), this is the map E5 (Vi) — E5 (V2)
induced by f on E-pages.
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Proof. This is the standard formula for the Ey-differential of a filtered complex
(Definition 0.23): dg is induced by the chain differential on the associated graded.
O

Notation 0.40. For z € E2_(V1), let {x} C A; denote the set of elements detected
by x:

{z} ={a € F°A; | @+ z under E5 ¥ gr*A,}.
For [z] € {z}, we call [x] a representative of z. Note that {x} is a coset of F*T1A4;
in FsAl.

Proposition 0.41. An f-extension df(x) = y holds if and only if there exists
[z] € {z} such that fa[z] € {y}.

Proof. Follows directly from the filtered complex construction: df(z) = y means
there is a lift of x in F'*A; whose image under f4 lies in F¥t" A, and represents y
in grétmA,. O

Proposition 0.42. Consider f : Vi — Vo, x € E5 (V1), y € E3I"(V3) and y' €
EsT™(Vy) for myn > 0.
(1) An f-extension from x to y is inessential, i.e., y is trivial on the E,-page
of the f-ESS, if and only if there exists z' € EST%(V}) for some 0 <a <mn
with an essential differential d! (') = y. Equivalently, there exists [z'] €
{2’} C Ay with Fil(z') > Fil(x) such that falz'] € {y}.
(2) Suppose df (x) =y and df,(z) = y'.
(a) If m = n, then y —y' € BT (Va): there exists ' € E3FXe(Vy) for
some 0 < a < n with an essential differential dfl_a(x') =y—vy.

(b) If m > n, then the f-extension from x toy is inessential.

Proof. Part (1) follows from the definition of the page boundaries in the filtered
complex construction. Parts (2a) and (2b) follow from Part (1) and Proposi-
tion 0.41. 0

Proposition 0.43. Suppose the sequence of converging spectral sequences Vi ER

Vo 2 V3 induces an ezact sequence on target groups A f—A> Ay 225 Ag that is
exact at As. Then all permanent d9-cycles in Ex (V) are boundaries in the f-ESS.

Proof. First proof (via chain complexes). Treat the three-term sequence A; Ia,
Ay 225 Ay as a filtered chain complex. Its associated spectral sequence comprises
both the d/ and d9 differentials. By exactness at Ay, the abutment projected to
the As-component is zero. Therefore every permanent d9-cycle must be killed by a
df-differential.

Second proof (via representatives). Let y € Eo(V2) be a permanent d9-cycle.
By convergence, there exists [y] € {y} with ga([y]) = 0. By exactness, there exists
[z] € A1 with fa([z]) = [y]. Let © € Ex(V7) detect [z]. Then fa[x] € {y}, so by
Proposition 0.41 there is an f-extension from x to y. (I

Unbounded Extension Spectral Sequence. Throughout this subsection, all filtra-
tions are assumed to be bounded below: the filtration F'®*A satisfies FPA = A for
all sufficiently negative p. Filtrations need not be bounded above. We extend the
f-ESS construction to this setting by defining it as the inverse limit of bounded
truncations.
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Definition 0.44. Let (E, A, F) be a converging spectral sequence with filtration
F* A bounded below. For an integer s, the s-truncation of (E, A, F') is the converg-
ing spectral sequence (E[=5!, Al=s] FI<s]) defined as follows:

(1) The truncated spectral sequence: for each filtration degree p, set

yISsle — Ve ifp <s,
o otherwise,

so that EIS®P — EP? for p < s and EI=P — 0 for p > s.
(2) The truncated abutment is the quotient

AlSsl = A/Fo+1 A
equipped with the induced filtration

plsslp giss) _ | (FPA+ LAY [PHA i p < s,
0 ifp>s.
When FPA = A (which holds for all sufficiently negative p by the bounded
below assumption), this reduces to FISshPAlSs] = Al<s],

The truncation (E[Ss], Alss] F[SS]) is a converging spectral sequence with bounded
(hence exhaustive and Hausdorff) filtration.

Proposition 0.45. The collection {(EI=*, A=)}y forms an inverse system in
the category of converging spectral sequences, indexed by s with order s > s'. For
s > s', the transition morphism is the natural projection

Al = A/FsttA o AJPTHIA = AlSST

which is compatible with the truncated filtrations and with the spectral sequence page
maps.

Proposition 0.46. Let (E, A, F) be a converging spectral sequence with filtration
bounded below. Then the spectral sequence E is the inverse limit of the spectral
sequences of the truncations: at each filtration degree p and page v one has

EP =~ @ EFS]”’.

s>p
Proposition 0.47. Let (E, A, F) be a converging spectral sequence with filtration
bounded below. If the filtration on A is complete (Definition 0.50), then the converg-
ing spectral sequence (E, A) is the inverse limit of the inverse system of truncations
in the category of converging spectral sequences:
(E, A) = 1im (EI=91 Al=9)),

Y % )
Definition 0.48. Let f : (E1, A1) — (E2, A2) be a morphism of converging spectral
sequences with filtrations bounded below (not necessarily bounded above). For each
integer s, let fI=] : (EFS],AFS]) — (Eggs],A[QSs]) denote the induced morphism
of truncated converging spectral sequences. The unbounded f-extension spectral

sequence is the spectral sequence (without converging data) defined as the inverse
limit in the category of spectral sequences:

Essunbd(f) _ 1&1 ESS(f[SS]),
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where each ESS(f[=#]) is the (bounded) extension spectral sequence of Defini-
tion 0.35. The inverse limit is well-defined as a spectral sequence by the stabilization
property (Proposition 0.49).

Proposition 0.49. Let f : (E1, A1) — (F2,A43) be a morphism of converging
spectral sequences with filtrations bounded below. Fix a filtration degree p € Z and
a page index r > 1. Then for all integers s > p + r, the component of the s-
truncated extension spectral sequence at filtration degree p and page v is canonically
isomorphic to the corresponding component of the s'-truncated extension spectral
sequence for any s > s:

ESS(fISp o ESS(fI=T)p.

In other words, once the truncation level s > p 4+ r (so that the truncated ESS
retains both the source filtration degree p and the target filtration degree p + 1),
the df -differential at filtration degree p is fully determined and independent of the
truncation level.

Definition 0.50. Let (E, A, F') be a converging spectral sequence with filtration
bounded below. The completion of A with respect to the filtration F' is the inverse
limit

A=lim AT = lim A/F*H A,

There is a natural map ¢: A — A induced by the projections A — A/F**t1A. The
filtration is called complete if ¢ is an isomorphism. The Hausdorff condition (Defi-
nition 0.21) ensures ¢ is injective; completeness further requires ¢ to be surjective.

Theorem 0.51. Let f : (E1, A1) — (Ea, A2) be a morphism of converging spec-
tral sequences with filtrations bounded below. Suppose that the inverse systems
{AFS]}SGZ (fori = 1,2) satisfy the Mittag-Leffler condition: for each s, the images
of the transition maps AFS/} — AFS] stabilize as s' — oo. Then the unbounded f-
extension spectral sequence BESS™PY (f) converges to the bigraded associated-graded
homology of the completions:

E. (Essunbd( f)) ~ H, (21 Ia, Ez) :

where fA : ;1\1 — 121\2 is the completion of fa, and the right-hand side denotes
the bigraded associated-graded homology of the two-term complex equipped with the
filtrations induced on Ay and As.

0.1.6. Commutativity of Extension Differentials.

Theorem 0.52. Consider a homotopy commutative diagram of converging spectral
sequences

1% L) Vy
pl lq
Vs 9 Vi
Suppose m,n,1 >0, 0<k<m+1—n,
v e EL(V1), yeES"(Va), z€EX™(V3), we EZ™H (V)

and
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(1) df(x) =y,

(2) dp,(x) = 2,

(3) the differential in (1) or (2) has no crossing,

(4) dj(z) = w, and has no crossing that hits Fil > s +n + k,
(5) di_,y =0, and has no crossing.

Then d} ., . (y) = w.
Proof. First we find a representative [x] € {z} such that pa[z] € {z} and fa[z] €

{y}-

If the differential in (2) has no crossing, by Proposition 0.33 we can pick [z] € {«}
such that palx] € {z}; by Proposition 0.41, fa[z] € {y'} for some ¢, but the no-
crossing condition forces fa[z] € {y}. Symmetrically, if the differential in (1) has
no crossing, we pick [z] with fa[z] € {y} and the no-crossing forces p4[z] € {z}.

By (5) and Proposition 0.33 (2), since d{ _,y = 0 has no crossing, Fil(ga fa[z]) >
s+ n+ k. Since the diagram commutes on target groups, gapalz] = qafalz], so
Fil(gapalz]) > s +n+ k.

Combining with (4) (df(z) = w has no crossing that hits Fil > s +n + k) and
palz] € {z}, Proposition 0.33 gives gapalz] € {w}.

Therefore g4 falz] € {w}, and since fa[z] € {y}, there is a g-extension from y
to w by Proposition 0.41. O

Corollary 0.53. In the setting of Theorem 0.52, if condition (4) is strengthened to

“d}(2) = w has no crossing” (and condition (5) is dropped), then d} ., . (y) = w.

Proof. If d (z) = w has no crossing, then in particular it has no crossing that hits
Fil > s+ n + k for any k. Taking £ = 1 and observing that diy = 0 trivially has
no crossing, the result follows from Theorem 0.52. (]

Corollary 0.54. Consider a homotopy commutative diagram of converging spectral
sequences V1 ER Vo L Vs withp = qo f. If df () =y, d&,(z) = z, and one of the
two extensions has no crossing, then d% _,. (y) = z.

Proof. This is the special case of Corollary 0.53 with Vs = V4 and g = idy,: since

dj(z) = z and the identity extension always has no crossing, the conditions are
satisfied with [ = 0. (]

Corollary 0.55. Consider a homotopy commutative diagram of converging spectral
sequences Vi 2 Vs L Vi with ¢ = gop. If d?(z) = z and d}(z) = w has no
crossing, then dy,  (r) = w.

Proof. This is the special case of Corollary 0.53 with V; = V5 and f = idy,: since
d{; () = x with n = 0 and the identity extension has no crossing, the conditions
give d ,_o(y) = d} ., (z) = w. O
Corollary 0.56. If go f =0 (as morphisms of converging spectral sequences) and
df (z) =y, then y is a permanent cycle in the g-ESS: d9,(y) = 0 for all m > 0.
Proof. Consider the commutative diagram

%%Vg

L b

0 —— Vs
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with p = 0 and go f = 0. All extensions from z to 0 are trivial and have no crossing.
By Corollary 0.53, d9,(y) = 0.

Alternative proof. By Proposition 0.41, there exists [z] € {z} with fa[z] € {y}.
Let [y] = falz]. Then ga(ly]) = ga(fa([z])) = 0. Hence y is a permanent d9-
cycle. O

Corollary 0.57. Consider a homotopy commutative diagram of converging spectral
sequences

V1 %Vg

pl lq

V3 L) Va4
Assume PEy = PE, and 9Ey = E, for some r > 0 (i.e., the p-ESS and q-ESS
have stationary pages up to r). Then (dP,d?) induces a map from the f-ESS to the
g-ESS.

Proof. Since PEy = PE, and Fy = F,, the differentials d2 and d? have no crossings.
By Corollary 0.53, d o d? = d o d}) and therefore (d?,d?) induces a map from /E;
to 9E;. Inductively, applying Corollary 0.53 shows that (d?, d?) induces a map from

YT

fE, to 9E, and dY o d? = d% o df for all n. O
0.2. Stable Homotopy Theory.
0.2.1. Stable Homotopy Theory.

Definition 0.58. A triangulated category is an additive category 7 equipped with:
(1) An additive autoequivalence ¥ : T — T, called the shift (or suspension)
functor.
(2) A class of distinguished triangles X —Y — Z — XX satisfying the axioms
(TR1)—(TRA):
(TR1) Every morphism f: X — Y extends to a distinguished triangle X ER

Y — Z — ¥ X. The triangle X X 505X s distinguished.

(TR2) A triangle X — Y — Z — XX is distinguished if and only if Y —
Z — ¥ X — XYY is distinguished.

(TR3) Given a morphism of the first two terms of two distinguished triangles,
there exists a (not necessarily unique) morphism of the third terms
making the diagram commute.

(TR4) The octahedral axiom.

Definition 0.59. In a triangulated category, a distinguished triangle X Ly &
Cy — XX is called a cofiber sequence, and C}y is the cofiber (or cone) of f. By
(TR1), every morphism admits a cofiber sequence.

Definition 0.60. A functorial cofiber on a triangulated category 7 is an assign-
ment that to each morphism f : X — Y in T associates a distinguished triangle
xLyse f — XX that is functorial: given a commutative square

x 1 vy

b
x Ly
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there is an induced map Caf : C'f — Cf’ making the diagram of distinguished
triangles commute.

Proposition 0.61. For a distinguished triangle X — Y — Z — XX and any
object W, the long exact sequence on hom-sets

o WX [WY] = W, 2] = WX -+
holds (covariant), and dually for the contravariant case.

Definition 0.62. A closed symmetric monoidal category is a category C equipped
with:
(1) A unit object S.
(2) A bifunctor (X,Y) — X AY (the smash product or tensor product) from
C x C to C, which is associative and commutative up to coherent natural
isomorphism, with S A X = X up to coherent natural isomorphism.
(3) Function objects F(X,Y), functorial contravariantly in X and covariantly
in Y, satisfying the tensor-hom adjunction

X, F(Y.2)| 2 [X \Y, Z]
naturally in all three variables.

Definition 0.63. A closed symmetric tensor triangulated category is a triangulated
category C equipped with a closed symmetric monoidal structure (Definition 0.62)
that is compatible with the triangulation:

(1) The smash product preserves suspensions: there is a natural equivalence
exy : X AY = Y(X AY), compatible with the unit and associativity
isomorphisms.

(2) The smash product is exact: if X Ly % 7z 5 $X is an exact triangle,
then for any object W,

Al gnl hAL

XAW LSy Aaw 225 2 AW 225 (X A W)

is exact.
(3) The functor F(X,Y) is exact in Y; it is exact in X up to sign.
(4) The smash product interacts with suspension in a graded-commutative
manner: the twist map T : S" A S® — 5% A S” and the equivalence
ST A SF ~ 87 satisfy T = (—1)".
This definition follows Hovey—Palmieri-Strickland [9], Definition A.2.1.

Definition 0.64. A closed symmetric tensor triangulated category with functo-
rial cofiber is a closed symmetric tensor triangulated category 7 (Definition 0.63)
equipped with:

(1) A functorial cofiber (Definition 0.60).
(2) A tensor-cofiber exchange: for any morphism f : X — Y and any object
W, a natural isomorphism

C(fAW) = C(f) AW,

where f AW : X AW — Y AW denotes the right-tensoring of f with W
(ie., f ® idw), compatible with the triangulated structure.
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Definition 0.65. The stable homotopy category S is a closed symmetric tensor
triangulated category with functorial cofiber (Definition 0.64). Its objects are called
spectra.

Remark 0.66. In this project, S refers to the homotopy category of spectra (in the
sense of stable homotopy theory). It can be constructed as the homotopy category
of a stable model category, but we take it as given and work axiomatically with its
triangulated and closed symmetric monoidal structure.

Definition 0.67. Given morphisms f: X — Y and g: X — Z in S, the pushout

of the diagram Y L X % 7 is the cofiber C(f,g) of the canonical morphism
(f,9) : X =Y V Z, where Y V Z denotes the coproduct (wedge sum) in S.

Definition 0.68. The sphere spectrum S € S is the unit object for the smash
product.

Definition 0.69. For an integer n € Z, define
ST =3"S,
the n-fold suspension of the sphere spectrum.
Definition 0.70. For a spectrum X € S, the n-th homotopy group of X is
X = [S", X] = Homg(S™, X).

Proposition 0.71. For any spectrum X, the collection m,X = {m,X}nez is a
graded abelian group.

Definition 0.72. The smash product A : § x § — S is the symmetric monoidal
product from the closed symmetric monoidal structure of S (Definition 0.63), with
unit S. It satisfies S™ A S™ ~ S™T" and induces a pairing on homotopy groups:

TmX @ Y = Ty (X AY).

Definition 0.73. For spectra X,Y € S, the mapping spectrum F(X,Y) is the
internal hom (function object) from the closed symmetric monoidal structure (Def-
inition 0.63), adjoint to the smash product:

X AY,Z] = [X,F(Y, Z)].

In particular, m, F(X,Y) = [E" X, Y].

Proposition 0.74. Let X Ly Cy — XX be a cofiber sequence. Then there is
a long exact sequence of homotopy groups:

e o 1 (CF) = T (X) L5 (V) = 70 (C) = T 1 (X) = -+
This follows from Proposition 0.61 and the representability m,(—) = [S™, —].

Proof. Follows from the long exact Hom sequence applied to representable functors.
O
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0.2.2. Cohomology.

Definition 0.75. The Filenberg—-MacLane spectrum HIF5 is the spectrum repre-
senting mod 2 ordinary cohomology. It is a commutative ring spectrum in S.

Axiom 0.76. The homotopy groups of the Eilenberg—MacLane spectrum are
Fy ifn=0,
0 ifn#0.
Definition 0.77. The mod 2 cohomology of a spectrum X is
H"(X;F9) = [2" X, HF,].

Wn(HFQ) = {

Definition 0.78. The mod 2 homology of a spectrum X is
H,(X;Fy) = 7, (HF3 A X).

Axiom 0.79. (Universal Coefficient Theorem) For any spectrum X and n € Z,
the mod 2 cohomology is canonically isomorphic to the Fo-linear dual of the mod 2
homology:

H"(X;F2) 2 Homy, (H,(X;F2), Fa).

0.2.3. Adams Spectral Sequence.
Construction.

Axiom 0.80. The HF3;-Adams spectral sequence is a functor from S°P x S to the
category of bigraded spectral sequences. For spectra X and Y, it produces a spectral
sequence {E5Y(X,Y),d,} with r > 2 and differentials

dp: Bt — petnttr=l,
A map f : X' = X idnduces maps f* : ESYX,Y) — ESY(X')Y), and a map
g Y — Y induces maps g. : E3Y(X,Y) — ESY(X,Y”’), both compatible with
differentials. When X =S, we write ES'(Y) = ES'(S,Y).
Axiom 0.81. All elements in the Fo-page of the mod 2 Adams spectral sequence
have order 2, i.e., 2z = 0 for all x € Ey*(X). This holds because E3'(X) is an
Fy-vector space.

Definition 0.82. The full subcategory Sf C S of finite spectra is the smallest
full subcategory containing the sphere spectrum S and closed under suspension,
desuspension, and taking cofibers.

Theorem 0.83. Z € S if and only if Z can be obtained from S by finitely many
operations of the following two types:

(1) suspension or desuspension,
(2) taking the cofiber of a map from a sphere spectrum S™.

Connectivity.
Definition 0.84. A spectrum X is n-connected if m;(X) = 0 for all i < n.
Axiom 0.85. The sphere spectrum S is (—1)-connected.

Definition 0.86. A spectrum X is bounded below if it is n-connected for some
n € Z.

Axiom 0.87. If X is n-connected, then H;(X;F2) =0 for alli <n.
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Finite type.

Definition 0.88. A spectrum X is of finite type if for each n, there exists a finite
spectrum X,, € S and a map X,, — X whose cofiber is n-connected.

Axiom 0.89. A spectrum X is of finite type if and only if:
(1) X is bounded below, and
(2) for each i, the homotopy group m;(X) is finitely generated as an abelian
group.
Axiom 0.90. If X is of finite type, then H;(X;F5) is a finite-dimensional Fo-vector
space for each i.

Convergence and boundedness. In this paragraph, assume X € Sf and Y is of
finite type.

Definition 0.91. The Adams spectral sequence induces a natural decreasing filtra-
tion on m, X, called the Adams filtration. An element o € m, X has Adams filtration
> s if it lies in F*m, X.

Definition 0.92. The Adams filtration extends to maps between spectra. For
X € 87" and Y of finite type, a map f € [X,Y] has Adams filtration AF(f) > k
if f factors as a composition

Xhox Box, B ey Iy

where each f; induces the zero map on mod 2 homology: (fi)x =0 : H.(X;_1;Fs) —
H,.(X;;F3). The Adams filtration AF(f) is the largest such k.

Proposition 0.93. A map f : X — Y with AF(f) = k maps F*1, X into F**t*r,Y
for all s.

Corollary 0.94. If AF(f) = k, then d{ =0 fori < k in the f-extension spectral
sequence.

Proof. By Proposition 0.41, df (z) = y requires [2] € {z} with fa[z] € {y}, which
forces Fil(fa[z]) > s+ i. But AF(f) = k means f4 raises filtration by at least k,

so Fil(falz]) > s+ k > s+ for i < k, hence y = 0. O
Definition 0.95. A map f € [X,Y] has Adams filtration oo if AF(f) > n for all
n.

Theorem 0.96. If f has odd order in [X,Y], then f has Adams filtration oc.

Axiom 0.97. If f does not have odd order, then f does not have Adams filtration
00.

Axiom 0.98. For X € S/ and Y of finite type, the Adams spectral sequence
Adams(X,Y) weakly converges to [X,Y]: there is a natural isomorphism between
the graded pieces of the Adams filtration on [X,Y] and the Eo-page of Adams(X,Y).

Theorem 0.99. The quotient [X,Y]/{odd-order elements} carries an induced Adams
filtration that is separated (Hausdor(f).

Axiom 0.100. Suppose X is of finite type. Then:

(1) If additionally H;(X;Q) = 0 for some i, then the Adams filtration on
mi(X)/{odd-order elements} is bounded.

(2) All subquotients of the Adams filtration on 7;(X)/{odd-order elements} are
finite groups.
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0.3. HF;-Synthetic Spectra.
0.3.1. Synthetic Spectra.

Definition 0.101. The category hSyn of HFs-synthetic spectra is a closed symmet-
ric monoidal triangulated category with functorial cofiber (it arises as the homotopy
category of a stable model category Synyg,). We denote its tensor product by ®
and its unit object by 1.

Definition 0.102. The category hSyn admits a bigraded suspension X™™ for each

(m,n) € Z?, which is an autoequivalence of hSyn satisfying

$IM1,NLYM2,N2 oy VMt mM2,n1tne
The functor ¥ is identified with the triangulated suspension functor.

Axiom 0.103. The bigraded suspension commutes with the tensor product: for all
(m,n) € Z* and objects X,Y of hSyn,

YPMXY)2Y"MX Y.
Definition 0.104. There exists a natural transformation
Ayt 5 1d
in ASyn. For a synthetic spectrum X, Ax denotes the component %1 X — X.

Definition 0.105. For n > 0, define A% : X%~ "X — X by induction:
(1) A} =idy : X — X.
(2) Nt = AxoX®1(A%) : 20771 X — 20-1X — X using the composition
isomorphism 2071 = $0.-150,—n
We define X/\" as the cofiber of \%. In particular, X/A\° = 0 and X/A! = X/A.
The cofiber construction gives a distinguished triangle

so-nx AX, x Ly x/am 5 sbony,
Proposition 0.106. The homotopy category hSyn is enriched over Z|\]-modules.

Proof. The argument proceeds in three steps:

(1) Since hSyn is preadditive, it is enriched over Z-modules.

(2) The natural transformation A induces an action on hom-sets: for f: X —
Y, define \- f = Ay oX%~1(f). By naturality of A, this agrees with folx (up
to the identification %=1 X — X), and is compatible with composition.

(3) The polynomial ring Z[A] is the free Z-algebra on one generator. By its
universal property, the Z-linear action of A on each Hom(X,Y') extends
uniquely to a Z[A\]-module structure.

O

0.3.2. Synthetic Spheres.

Definition 0.107. The synthetic sphere S°° is defined as the monoidal unit 1 of
hSyn. The bigraded spheres are

gmn — Zm,nSO,O — ymnq.
Proposition 0.108. For any synthetic spectrum X,
X o2 gmt e X,
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Proof. By Axiom 0.103 and the unit isomorphism 1 ® X = X: ¥™m"X & ¥ (1 Q

X)2ymrieX =95""e X. O

Definition 0.109. The synthetic homotopy groups of a synthetic spectrum X are

Tmn(X) = [5™", X].

These form a bigraded abelian group with a natural Z[A]-module structure (Propo-

sition 0.106).

Proposition 0.110.

Wm,n(X) = 7Tm+k,n+l(2k’lX)~

Proof. By the composition axiom X"yt 22 ymtkntl the functor L%/ is an au-

toequivalence and induces a bijection [S™", X] = [Rklgm:n yklX] o [gmtkntl skl x],
O

Definition 0.111. The A-action on synthetic homotopy groups is the map

A T (X) = Tmn—1(X)

defined as follows: given f : S™" — X, the element X - f € my n—1(X) is the
composite
Sm,nfl biShift EO,flsm,n Agm.n Sm,n i}X,

~

where the first arrow is the biShift composition isomorphism §™n"~1 = ymn—11 >~
yoO-lymny = 30-18mm and Agm.s : ROTL§™™ 4§ g the component of A
at S,

0.3.3. Synthetic Adams Spectral Sequence.

Axiom 0.112. The synthetic Adams spectral sequence is a functor from hSyn to
the category of 3-graded spectral sequences. For a synthetic spectrum X € hSyn, it
produces a spectral sequence ¥"ESH" (X)) with differentials

.8 )t J ttr—1,
dr . synEi w N bynEi+r —+r w.
For a finite spectrum X € S the synthetic Adams spectral sequence for vX

converges to T, (v X).

Remark 0.113. The synthetic Adams spectral sequence is a Z[\]-module spectral
sequence, with X in tridegree (0,0, —1).

0.3.4. The v Functor.
Definition 0.114. There exists an additive functor
v :hS — hSyn

from the homotopy category of spectra to the homotopy category of synthetic spec-
tra.

Axiom 0.115. The functor v intertwines suspension with bigraded suspension:
v(2X) = nby(X).

The natural comparison map L(vX) — v(XX) is induced by A.

Theorem 0.116. For alln € Z and spectra X,
v(X"X) =2 ¥""y(X).
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Proof. By induction on n. The base case n = 1 is Axiom 0.115. The inductive step
follows from the biShift composition isomorphism X"yl o2 yntlntl O

Axiom 0.117. Suppose X Ly % Zisa cofiber sequence of spectra such that

0 — HFy, X 220y g,y 2249 g, 7 5 0

is a short exact sequence of HFy-homology. Then v X My Y9 uZ is a distin-
guished triangle in hSyn.

Remark 0.118. The cohomological variant also holds: if X — Y — Z is a cofiber
sequence with

0— H*(Z;Fy) - H*(Y;Fy) - H*(X;F2) — 0

short exact in mod 2 cohomology, then v sends it to a distinguished triangle. This
follows from Axiom 0.117 and the universal coefficient theorem (Axiom 0.79).

0.3.5. Synthetic Rigidity.

Axiom 0.119. Let X € S be a finite spectrum. The synthetic Adams spectral
sequence for vX has Es-page

REYT (vX) = By (X) @ Fa[A],

where an element in Ey'(X) has tridegree (s,t,t) and X has tridegree (0,0, —1).
Given a classical Adams differential d(x) =y, the corresponding synthetic differ-
ential is d,.(x) = A\""ly, which is \-linear, and all synthetic Adams differentials
arise in this way.

Axiom 0.120. Let X € S be a finite spectrum. The synthetic Adams spectral
sequence for vX is isomorphic to the A-Bockstein spectral sequence:
(1) Ey"(X) = m_ o (vX/N).
(2) If there is a classical Adams differential d,x = y for x € EJ'(X) =
mi—st(VX/N), then x admits a lift to m—s+(vX/A"™1) whose image under
the Bockstein vX/\'—t — SL="Ty X /X equals d,(x).

Proposition 0.121. Let X € S be a finite spectrum. The E-page of the
synthetic Adams spectral sequence for vX is

Z3HX) /By W(X) ift > w,

B (vX) = ;
0 otherwise.

Proof. Follows from the rigidity degeneration axiom by unwinding the associated
graded structure. ([

Proposition 0.122. Let X € Sf™ be a finite spectrum. Forr > 2, the Eo-page of
the synthetic Adams spectral sequence for vX/\" is

Es,t,w(VX/)\r) o {Z:ft+w(X)/Bfit—w(X) ZfO S t—w< T,

0 otherwise.
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0.3.6. Synthetic Lift.

Axiom 0.123. Let X,Y € 8™ be finite spectra. If a map f: X — Y has Adams
filtration AF(f) = k, then there exists a factorization

»0.-kpy

K

vX —— vY
with a dashed lift YOFF L uX --5 RO7FUY such that ¥ o X0k f = uf, where
f 3% X — VY is called a synthetic lift of f.

Axiom 0.124. Let X,Y € S be finite spectra and let f : X — Y be a map that
induces the zero map on HFy-homology: H.(f;F3) = 0. Let

whxLhyhsw
be a functorial distinguished triangle (so W = S71C(f) is the desuspended cofiber).

By the v-functor applied to this triangle, there exists a distinguished triangle of
synthetic spectra

v(S7Y) Lo L X,
where g denotes the boundary map. Then:
>‘g = Vf7
i.e., the boundary map g composed with A equals the synthetic image of f.
Proposition 0.125. Let X,Y,Z € S be finite spectra. Suppose that X i> y 4

7YX isa distinguished triangle of spectra with AF(h) > 0, and consequently a
short exact sequence on HFs-homology

0= H,X 2L gy 29 gz 0.

Then there exists a distinguished triangle of synthetic spectra

0,—-1%
vX 2y 2z 2 y0-lnx - 0y
such that vh = Mh. The last relation vh = \h follows from Axiom 0.124.
Notation 0.126. For a map f : X — Y which is part of a distinguished triangle

XLy % of 52X, define

[0 ifAF(f) =0,
e(f)_{1 it AF(f) > 0.

When AF(f) = 0, we also denote v f by f. In both cases, we have f : $0¢(p X —
vY and vf = AU f. Furthermore, Cf ~ X0~¢@yCf (by Axiom 0.124).

Proposition 0.127. Let X,Y,Z € S be finite spectra. Suppose that X Ly 4
ZL vX isa distinguished triangle with e(f) 4+ e(g) + e(h) = 1. Then there is a
distinguished triangle of synthetic spectra

vX L 20-elyy 4 y0—eDela)y, 7z 2 50215y,

The construction uses Axiom 0.12/ to establish the A-relations between the classical
and synthetic connecting maps.
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4. SYNTHETIC EXTENSIONS

For any map f : X — Y of synthetic spectra, we have the induced morphism of
converging spectral sequences. The resulting extension spectral sequence is denoted
by the ESS of f.

4.1. Lambda extensions.

Notation 4.1. There are certain special maps between synthetic spectra that we
want to consider. For any n < m < oo and a spectrum X, we have the following
distinguished triangles of HF5-synthetic spectra
" n,m Onym _ _
B0y X Amen A am A Iy Ly, ymen

We simply write p = pp.m, § = 6, m by abuse of notation if n, m is understood in
the context. When m = oo, this sequence is interpreted as

IS Q) GRS G LILEG ;iS¢
Proposition 4.2. The only nonzero differentials in the extension spectral sequences
for the maps \™ and p from Notation 4.1 are the dy’s:
d)" = A" and df) = p.
As a result, these dy’s have no crossings.
Proof. First, we show that the the following sequence is exact in the middle:
(4.3)  ESbw(S0-nyX/Amon) AL sty X /Am) L B (uX /).
We apply Proposition 0.121 and prove this case by case.
When t —w < 0 or t —w > m, the middle group E5""(vX/A™) = 0, so the
sequence is exact in the middle.
When 0 <t —w < n, the sequence is isomorphic to
)t )t )t it
0= Zpiw(X) /By (X) = 270, (X) /By, (X)
which is exact in the middle because the second map is clearly injective.
When n <t —w < m, the sequence is isomorphic to

Zzit+w(X)/Bfit—w—n(X) — Zs{ter(X)/Bfit—w(X) =0

m

which is exact in the middle because the first map is clearly surjective.
Thus, we have shown that (4.3) is always exact in the middle. Combined with
Corollary 0.56 we conclude that all d}", df are trivial for i > 0. d

Remark 4.4. From the proof above, we see that in (4.3), A" is surjective or trivial,
while p is injective or trivial.

4.2. Delta extensions. However, the J-extension spectral sequence for
§:vX/A" — by X/ \men
is more complicated, as it encodes classical Adams differentials ds through d,,.
Remark 4.5. For the convenience of readers to check gradings, whenever we write
df (z) = Ny
for f: XYy X — VY, x € ES0Wi(pX) and y € ES22%2 (1Y), the following
conditions must hold:

So =81 +mn, tg —So =t —s1 +m, and wy = wy + w.
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Proposition 4.6. Suppose in the classical Adams spectral sequence of X we have
de(z) =y, where x € Z>'(X) and y € Z5"=1(X). Consider the map
§ v XA — BTy X A
(1) If r > n+1, then we view x as an element of
B3 (v X/A") = Z7H(X),
and X"y as an element of
Es+r,t+r71,t+n (I/X/)\min) ~ ZS+T,t+T’71 (X)/BS+T,t+T71(X)
(oo} - .

m—r—+1 r—mn
We then have
a3 (a) = Xy,

which is trivial if r > m.
(2) If r <n+ 1, then we view \""1="z as an element of

BN XA 2 20 (X) /Brpa— (X)),
and y as an element of
Es+r,t+r—1,t+r—1(VX> o~ Zs+7",t+r—1(X>.
In this case, we have
BXHT) =g,

Proof. Since 0 = 6, ,, is the composition of p and 6, o as the following

pX/ A S seny, x ymen

o] |
yh-ryX —L2 o by x/\m—n

it suffices to prove the case when m = oo by Corollary 0.55. In the rest of the proof
we will write 6, = 0, 00-
First, we prove by induction on n that

(4.7) & () = A" "1y mod BﬁjI,Hﬂ"fl(X)
when r > n + 1, and
(4.8) df" ()\n+1_rx) =y mod Bii—;‘,t-&-r—l(X)

when r < n + 1. (These two expressions coincide when r = n 4+ 1.) For n = 1, the

claim holds since the 7-Bockstein spectral sequence is isomorphic to the classical

Adams spectral sequence. Now, assume n > 2 and the claim holds for n — 1.
Consider the following commutative diagram.

S0y X/ Al Ay x/An

b | Js

sh—n,x nl-n,x
By Corollary 0.54, if r < n, we have

Ao (ANPHITg) = Aot (A TT) =y mod BSTPTTTTH(X).
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If r > n+1, x can be viewed as an element of the E.-pages of vX/A\" "1 or vX/\".
We then have

)\df” (x) = df”()\x) = df”*l(x) =\""y mod Bff;’ﬂ'r—l(X)
which implies
din (I) = /\rfnfly mod Bit;’t+r71(X),

since r —n+1 < r—1 and hence the indeterminacy B, _, 1 introduced by dividing
A is contained in B,_;. The induction for (4.7) and (4.8) is now complete.

We will show that BST7"*" "1 (X) in both equations are actually equal to the

sum of images of d3" through d°" ;. Consider any v € BT (X)) and assume

that d,»x’ = 9 is an essential classical Adams differential for 2 < ¢/ < r — 1. If
r >n+ 1, using (4.7), we have

(N z) = Ty mod BITTTH(X),
and if r <7’ 4 1, using (4.8), we have
A (A" =y mod BLTTTHX).

Notice that the extra indeterminacy here is B, _; instead of B,_;. By induction

on 7, this shows that B¥™1"*"(X) equals the sum of images of d3* through d°" .

Therefore, we can omit BST7" "1 (X) and simply write
aon (x) = Xy
when » > n+ 1, and
dyr (A" ) =y
when r < n + 1. O
Remark 4.9. The d°(x) we calculated in Proposition 4.6 may be inessential.
4.3. Delta ESS and Adams differentials.
Corollary 4.10. For x,y,6 in Proposition 4.6 we always have
(4.11) d)(A\"x) = ATy

f0<a<nand0<a+r—n—1<m—n (the differential is trivial if a exceeds
this range).

Remark 4.12. As indicated in the proof, the right-hand side of equation (4.11)
(considered as a subset of Z5™+7=1(X)) is a coset of

B )

which is the same as the value of the classical Adams differential d,(z) = y. This
implies that the equation (4.11) holds and is essential if and only if d,.(x) = y holds
and is essential. Therefore the §-ESS encodes the same information as the classical
Adams spectral sequence.
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4.4. Crossings on the F,.-page.
Definition 4.13. Suppose 7 > n+ 1 and d,.(z) = y, where
z € EyY(X), yeByTTTTHX).
A crossing of d,.(z) = y on the E,;1-page refers to an essential Adams differential
dr—a—b(z") =¥/,

where
LU/ c E;+a,t+a(X> y/ c E§+T—b,t+r—b—1(X>
with0<a<n—1land 0<b<r—n-—1. See Figure 1.

Remark 4.14. The crossing defined here is opposite to crossings in Moss’s theorem.

s+ Y
s+r—>b |y
s+n+1

s+n \

s+n—1 dyr

=9

s+a

FIGURE 1. A crossing of d,.(x) = y on the E, 1-page

4.5. Comparison of crossings. The emphasis on a crossing occurring “on the
E, +1-page" in Definition 4.13 may seem counter-intuitive. However, this is clarified
in Proposition 4.15 and Example 7?7 that follow.

Proposition 4.15. The Adams differential d,.(x) =y has a crossing on the E,y1-
page if and only if the corresponding 6, -extension

) =X
for
Sp v X/AT 5 BTy X
has a crossing.

Proof. By Propositions 0.121, 0.122 and 4.6, a crossing of d’ (z) = \"~" "1y takes
the form

diia_b()‘ax/) _ )\r—n—l—by/’
where0 <a<n—1,0<b<r—n-1,

N € Bt X /o) & 235 (X) B (),

and
y/ c Eg;rrfb,tJrrfbfl (I/X)
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By Corollary 4.10, we see that this crossing corresponds to the classical Adams
differential

dr—a—b(x/) = y/'
([l

Remark 4.16. From Definition 4.13, it immediately follows that there are no
crossings of any differential on the Ey-page, as this would require 0 < a <n—1=0.
According to Proposition 4.15, this reflects the fact that d;-extensions have no
crossings for degree reasons.

Remark 4.17. When d~ (z) = A"~ !y has no crossing, then d’» (\%x) = @71y
also has no crossing.
5. EXTENSIONS ON A CLASSICAL FE,.-PAGE

To state the Generalized Leibniz Rule in terms of the classical Adams spectral
sequence, we need to define f-extensions not only on homotopy groups but on the
FE.-page as well.

Notation 5.1. For a map between classical spectra f : X — Y, consider the
associated synthetic map from Notation 0.126

[0 X 5y
For any 2 < r < oo, we denote the following mod A" ! reduction maps by fT,lz
froy 20Dy X /AT 5 py /AL
The Ey-page of the f,_1-ESS is isomorphic to
fT»flEg,t,t—k-‘re(f) ~ps btk (X /N1 @ Egét,tkare(f)(Vy/)\rfl)
(23 (X)) BE (X)) @ (250 oy (V) Bty (V).

A nontrivial df{’l differential can be interpreted as a map from the subgroup

AT, s, tt—k s, s,
(5.2) Iz R X)) € 20 (X)) BrL (X)
to the quotient group
s+n,t+ s+n,t+ fr_1s+n,t+nt—k
(5:3)  (Zrn L (Y)/BI L (v)) ) Btk (),

The differential /7" is trivial for degree reasons when

n<AF(f)orn>r—2—k+e(f).
Definition 5.4. Let z € Z>' (X) and y € Z:fff:fe(f)(Y) for some
e(f)sn<r—2+e(f).

We say that there is an (f, E,)-extension from z to y, denoted by

(5.5) di(z) =y
if there exists a synthetic fr,l—extension
(5.6) dfr— (z) = AmeUy,

where  is viewed as an element of the subgroup (5.2) with k& = 0, and \»~¢(Ny is
viewed as an element of the quotient group (5.3) with k£ = 0.
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We say that this (f, E,)-extension in (5.5) is essential if the corresponding syn-
thetic f._1-extension in (5.6) is an essential differential in the f._;-ESS.

For r = oo, we similar define an (f, F )-extension using the corresponding
synthetic f-extension.

sS+r N N sS+r
RN ——)
‘ ‘ A—elf)y,
s+n s+n
d’rf;rfl
S S
xr
By (X) Ex(Y) Brt=stet(yX /N1 Brtmstet(py /AT

FIGURE 2. (f, E,)-extension

Remark 5.7. Consider an (f, E,)-extension df - (x) = y in (5.5). The element y

should be interpreted as a coset with indeterminacy given by BfiZf:(r})(Y), plus

the sum of images of d’;rn‘ ! differentials. This (f, E,)-extension is essential if this
coset does not contain 0.

Definition 5.8. Let z € Z>'(X) and y € Z:ff?’_t:_fe(f)(Y) for some

e(f) <n<r—2+e(f).
We say that there is an (f, F,)-extension of level [ from z to y, denoted by

(5.9) d Pl (z) =y
if there exists a synthetic fr,l—extension
(5.10) dfr=1(\lz) = aneDty,

where Mz is viewed as an element of the subgroup (5.2) with certain k, and
An=elN)tly is viewed as an element of the quotient group (5.3).
We say that this (f, F,)-extension of level [ in (5.9) is essential if the correspond-
ing synthetic fr,l—extension in (5.10) is an essential differential in the fr,l—ESS.
For r = oo, we similarly define an (f, E )-extension of level [ using the corre-
sponding synthetic f—extension.

For | < I, an (f, E,)-extension of level | implies an extension of the same type
of level I’, but the latter might be inessential.

Proposition 5.11. Suppose we have an (f, E,)-extension of level I,
7‘7l/ —
it (@) = y.
Then either
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(1) there is an essential (f, E,)-extension of level I, df,Frt(z) = z, for some
m <n, or

(2) we have d5>Prl(x) = y+z for some z lying in the indeterminacy of df-Frl.

Definition 5.12. A crossing of the (f, E,.)-extension d/-*"(x) = y in (5.5) is defined
as an essential (f, E,_,)-extension from some 2’ € Z5T%" *(X) to
n—b,t+n—b n—bt+n—b
S Zﬁ-?—nwfe(f)(Y)\B;Z—b—e(?f) (Y)
(where \ denotes the difference of sets and it means that 3’ should survive to

the classical Adams E,_,, 1c(y) page while it should not be hit by an Adams
differential of length at most 14+n—b—e(f)) for 0 < a <r—2and 0 < b < n—a—e(f).
See Figure 3.

s+ A N s+
|
Y W zrone()
\ \
b A>r—ntbve(f) \\\ Ny Ar=elNy
s+n Wdsr_q v s+n
\
dZT “\\\ )\nfb—e(f)y/
s+n—"> \ s+n—b
[ dfvET‘ a
v
s+a s+a
s s
E(X)

E;tfer*,t(VX/)\Tfl) E;ovt"ﬁ’*vt(yy/)\'”*l)

FIGURE 3. A crossing of an (f, E,)-extension

Proposition 5.13. An (f, E,)-extension di-Fr(z) =y (5.5) has a crossing if and
only if the synthetic f._1-extension df[’l(x) = A=y (5.6) has a crossing.

Proof. By definition a crossing of the synthetic extension (5.6) has form
(5.14) dfr () = Xy
for some 2’ € Z'TH'H(X) and ¢ € fo?:si:fe_(l})(}/)
commutative diagram

Consider the following
EO,e(f)VX/)\r—l—a fr-1-a Vy/)\r—l—a

v [

ZO,e(f)+aVX/)\r—1 fro ZO,ayy/)\r—l
We see that (5.14) lifts to

(5.15) dlria () = AnmasbmelDy
for some 3"’ € fof:ﬁi:f;(l}) (Y) such that

[/ —

y y/ HlOd Bs+n—b,t+n—b

14+n—b—e(f) (Y)
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where the indeterminacy BST"~"""?(y) is introduced by dividing A%. Therefore,

1+n—b—e(f)
the differential (5.14) is essential if and only if the differential (5.15) is essential and
T: BTIZ:ZfZ})—b(Y). This completes the proof. O

The above Definition 5.12 and Proposition 5.13 extend to the case r = oo as
follows.

Definition 5.16. A crossing of the (f, Ey)-extension df P>~ (z) = y is defined as
an essential (f, E)-extension from some 2z’ € Z5F*'+%(X) to

s+n— n— s+n—b,t+n—>b
3// € Zo: bt b(Y)\Blin_b_t:(f) (Y)

(where \ denotes the difference of sets, meaning y’ survives to the classical Adams
E-page while it is not hit by any Adams differential) for ¢ > 0 and 0 < b <

n—a—e(f).

Proposition 5.17. An (f, EL)-extension df:F~(x) =y has a crossing if and only

if the synthetic f-extension df (x) = \v=¢Uy has a crossing.
Similarly, the crossing notion extends to extensions of level [.

Definition 5.18. A crossing of the (f, E,.)-extension of level [ d/-Fr!(x) = y in (5.9)
is defined as an essential (f, E,_,)-extension of level I from some 2’ € Z 7' T%(X)
to

sn—b,t+n—b stn—bi+n=b
y € ZrilinerJre(f)(Y)\BlJrnfb*e(f) (¥)

for0<a<r—2and0<b<n-—a-—e(f).
For r = oo, we similarly define a crossing of an (f, E)-extension of level [
as an essential (f, Eo)-extension of level [ from some z/ € Z3F*'T%(X) to ¢/ €

Zsn bt b (Y)\By Tt (V) for a > 0 and 0 < b < n—a —e(f).

Proposition 5.19. An (f, E,)-extension of level | df-F~l(x) = y (5.9) has a
crossing if and only if the corresponding synthetic fr_l—e:rtension d{f‘l()\lx) =

A=ty (5.10) has a crossing.

Proposition 5.20. If an (f, E,)-extension of level I, dl-Fr!(x) =y, has a crossing,
then there is an essential (f, E,.)-extension of level 0, df;Fr0(x") = 2', such that the
implied extension at level a + 1 satisfies the degree conditions of a crossing.

Proof. If there is a crossing, we apply the alternatives of Proposition 5.11. (]

Proposition 5.21. If an (f, E,)-extension of level I, dl,Fr!(x) =y, has no cross-
ing, then the induced extension at any level I’ > | also has no crossing.

Proposition 5.22. Consider f : X = Y, z € Z3H(X) and y € Z3I™H7(Y).
Then
B () =y
implies that
di(w + B (X)) =y + BY(Y).

(The implied differential could be inessential.)
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Proof. This follows Elirectly from inverting A, which induces a map of spectral
sequences from the f-ESS to the f-ESS. The induced map on the Ey-pages are of
the following form:

s df s s
ZIHX) B (X)) == Z3(V)/ B ey (V)
)ﬁll L\*l
f
E3t(X) N EZNY)

O

Remark 5.23. Since the synthetic Adams F.-page contains more information
than the classical Adams E.-page, the (f, E )-extensions similarly provide more
information compared to the classical f-extensions.

Proposition 5.24. Consider f : X — Y, z € Z3H(X) and y € Z3I™H"(Y).
Then
Pt z) =y
implies that
df(z + BY(X)) =y + BI(Y).
Proof. The same as Proposition 5.22, since we invert A. ]

6. THE GENERALIZED LEIBNIZ RULE AND GENERALIZED MAHOWALD TRICK

Now, we introduce the theorem of the Generalized Leibniz Rule, a valuable tool
for computing new Adams differentials.

Theorem 6.1 (Generalized Leibniz Rule). Let f : X — Y be a map between two
classical spectra. Suppose that 2 <n <r,e(f) <m<n-—24e(f), 1 >e(f), and
we have
s,t s+m,t+m
ve Z7(X), yeZ I ()
Too € Zs+r,t+r—1(X)) Yoo € Zs+r+l,t+r+l—1<y)

and the following conditions hold:

(1) dr(2) = Too,

(2) dfyP(z) =y,

(3) df P (1000) = Yoo,

(4) the differential in (1) has no crossing on the E, -page or (2) has no crossing.

(5) the differential in (3) has no crossing.

Then we have an Adams differential
dryi-m(Y) = Yoo-
Proof. Consider the commutative diagram of synthetic spectra

S0eNyx/an-t iy et

| Jsv

21,7n+1+e(f)l/X L} nl—nt+l,y

By condition (1) and Proposition 4.6, we have
(6.2) 2% (x) = N "o
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By conditions (2) and (3), and Definition 5.4, we have
(6.3) df;;ﬁl(ac) = \melh)y
and R

df (zo0) = A=Wy,
which implies
(6.4) df (AT nag) = Aty

Applying Proposition 4.15 and Proposition 5.13 to conditions (4) and (5), we
know that the differential in (6.2) or (6.3) has no crossing, and that the differential
in (6.4) has no crossing.

Therefore, we can apply Corollary 0.53 and obtain

d’

A y) = xRy

By Remark 4.12, this is equivalent to

dri1—m (y) = Yoo-
O
Remark 6.5. We can further generalize Theorem 6.1 by using the conditions in

Theorem 0.52 rather than those Corollary 0.53. We leave this generalization to the
reader.

Theorem 6.6 (Generalized Leibniz Rule, level k). Let f : X — Y be a map between
two classical spectra. Suppose that 2 <n <r, e(f) <m <n—-2+e(f), > e(f),
k >0, and we have

s,t s+m,t+m
v €Z 7 (X), y€ S )

Too € Zs+r,t+r—1(X) Yoo € Zs+r+l,t+r+l—l(y)
and the following conditions hold:

(1) dr@) = Toos
(2) df;F*(x) =y,

(3) d{’Ew7k($OO> = Yoo,
(4) the differential in (1) has no crossing on the E,-page or (2) has no crossing.
(5) the differential in (3) has no crossing.

Then we have an Adams differential
drti—m (y) = Yoo-
Proof. Consider the commutative diagram of synthetic spectra

S0eNyx/an-t Il y et

| Jav

sl —ntlte(f), x L} ywl,—ntly
By condition (1) and Proposition 4.6, we have
(6.7) 2% (x) = N "o
By conditions (2) and (3), and Definition 5.8, we have

(6.8) dfnr (W) = Ao Hhy
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and X
df (Woaog) = NmeDthy
which implies

(69) d,lf()\'r—n-i-kxoo) _ )\r—i-l—n—e(f)—&-kyoo.

Applying Proposition 4.15 and Proposition 5.19 to conditions (4) and (5), we
know that the differential in (6.7) or (6.8) has no crossing, and that the differential
in (6.9) has no crossing.

Therefore, we can apply Corollary 0.53 and obtain

d’

T+lim()\m—e(f)+ky) — )\r+l—n—e(f)+kyoo

By Remark 4.12, this is equivalent to

drti—m (y) = Yoo-
O

Theorem 6.10 (Generalized Leibniz Rule, first direction). Let f : X — Y be a
map between two classical spectra. Suppose that2 <n <r,e(f) <m <n—2+e(f),
I>e(f), k>0, and we have

veZ)(X), yezIh (V)

Too € Zs+r,t+r71(X)’ Yoo € Zs+r+l,t+r+l71(y)
and the following conditions hold:
(1) dp(7) = oo,
(2) dfFrF(z) =y,
(3) dryi—m(Y) = Yoo,
(4) the differential in (1) has no crossing on the E, -page or (2) has no crossing,
(5) the differential in (3) has no crossing.

Then we have an (f, E)-extension

dlfonoﬂ"—n-i-k (moo) = Yoo

Proof. Consider the commutative diagram of synthetic spectra

$0e(yx/\n—1 LN vy /an-1

5}{ lay

zl,—n+1+e(f)VX L wl,—n+l,y

By condition (1) and Proposition 4.6, we have

(6.11) dox (Neg) = Ar—ntkg
By condition (2) and Definition 5.8, we have

(6.12) dlr=1 (Nrz) = Am—e()thy,
By condition (3) and Remark 4.12, we have

(6.13) A, (A Ryy — grn—e(f) bk

Applying Proposition 4.15 and Proposition 5.19 to conditions (4) and (5), we
know that the differential in (6.11) or (6.12) has no crossing, and that the differential
in (6.13) has no crossing.
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Therefore, we can apply Corollary 0.53 to the transposed commutative diagram
(with dx as the first map, f,—1 as the second map, and dy as the known target
extension) and obtain

df()\r—n-l—kmoo) _ )\r+l—n—e(f)+kyoo

By definition, this is equivalent to

AP (o) = Yo

O

We emphasize that the no-crossing conditions in Theorem 6.1, the Generalized
Leibniz Rule, are crucial. Without the no-crossing condition, the conclusion could
be false.

Remark 6.14. A version of the Generalized Leibniz Rule without the no-crossing
conditions is presented in the synthetic setting in Chua’s work [8, Theorem 12.9].
However, there is no doubt that this version is incorrect. For further details, see
Remark 6.16.

Remark 6.15. The essential (f, E)-extension:
df"#>(do) = hodo,
is a crossing for both the (f, E )-extension,
df "= (hoh3) = 0,
and the inessential (f, Fo,)-extension:
d}">= (hoh3) = hodo.

This indicates that if we were to disregard the no-crossing condition (5), and apply
the Generalized Leibniz Rule to these two cases of the (f, E )-extensions, we would
arrive at two conflicting classical statements:

ds(hohs) = 0, ds(hohs) = hodo.

Remark 6.16. In Chua’s work [8, Theorem 12.9], it is stated that for a synthetic
map « : X — Y, and an element z € m, X /A, there exists a differential from
a maximal a-extension of x to a maximal a-extension of d,(x). According to [8,
Definition 12.5], a maximal a-extension of 2’ is defined as a[z'], where [2] represents
a lift of 2’ to the E,.-page, chosen such that afz’] is the most A-divisible among all
such lifts.

In the context of the counter-example above, let 7 = 2,7’ = co,

a = [ho] : 5071 — SO’O,
and consider z = hy in Ext, with 2’ = da(z) = hoh3.
The (f, E)-extension:
df P (hoh3) = 0
is equivalent to the existence of a synthetic homotopy class [hoh3] in m14,175%°,

such that
[hoh%] . [h()] =0in 7T14’1850’O.

Similarly, the inessential (f, Fo)-extension:

df > (hoh2) = hody
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implies the existence of another synthetic homotopy class [hoh3] in m14,17.5%°, such
that

[hohg] . [ho] = [hodo} in 7T1471850’0.

Between these two lifts of hoh3, the first [hoh3] is clearly the maximal [ho]-extension
according to Chua’s definition [8, Definition 12.5]. Consequently, the incorrect
version of the Generalized Leibniz Rule in [8, Theorem 12.9], would lead to an
incorrect conclusion:

d3(hohy) = 0.

Next, we discuss the Generalized Mahowald Trick.

In order to apply the Generalized Leibniz Rule, we need to provide a method
for computing extensions on specific Adams Ej-pages. This is provided by Theo-
rem 6.18 (the Generalized Mahowald Trick). The crux of the proof of the General-
ized Mahowald Trick lies in the following lemma.

Lemma 6.17 (May [17]). Let X Y - Z - XX and X' - Y' — Z' — £X' be
distinguished triangles of (synthetic) spectra. By smashing these distinguished tri-
angles together, we obtain the following commutative diagram of cofiber sequences:

XANX — S YANX —— ZAX

l ! !

XANY —— YANY —— ZAY'

| l |

XNZ —— YNZ —— ZANZ

Ifaem(XAZ') andb € 1, (Y AY') map to the same element in 7,(Y NZ'), then
there exists ¢ € mp,(Z AN X') such that

(1) b and ¢ map to the same element in w,(Z ANY"), and
(2) a and ¢ map to the same element via boundary maps in 7,—1(X A X').

Proof. The proof follows directly from [17, Lemma 4.6].

In fact, consider V' in Axiom TC3 of [17, Section 4] and the corresponding
commutative diagram. By [17, Lemma 4.6] we know that V is the pull back of the
following diagram.

Vv ——YAY

l l

XNZ —— YNZ
where the square is a pullback. Since a and b map to the same element in 7, (Y AZ’),
we know that we can find v € V such that v maps to a in 7, (X A Z’) and b in
(Y AY”). Then we let ¢ = js(v) € m(Z AX'), where j3 : V — Z A X' is the map
in the commutative diagram in Axiom TC3 of [17, Section 4]. This lemma follows
from the commutativity of the diagram. O

Theorem 6.18 (Generalized Mahowald Trick). Consider a distinguished triangle
of spectra

xLy 4 zhex
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with e(f) + e(g

)+ e(h) = 1. Suppose that r = n+m+1, ng =n—e(f) > 1,
m;=m—e(g)>0,1

,lh=1—e(h) >0, and
T c Z;sl-l&-l,t+l—1(X)’ ye Zs+n-i—l,t—',—n-',—l—l(Y)7

seZ\(2), geziii(2),
such that
(1) dlh’E’“/E: =ax, where ' =r —mi =n1 +1; +1,
(2) dv =7,

(3) the (h, E,r)-extension in (1) has no crossing, or the Adams differential (2)
has no crossing on the E, -page,

(4) di"m 7y =g,

(5) for0 <i<mn—1, the Adams Eo-page of Y vanishes at the positions that are
potential targets of (f, E,)-extensions of degree i from x: ESHFit+I+i=1(y) =
0.

Then we have x € Zflixiiz,}) (X) and

divEn+nl+1+e(h)x

=y mod Bﬁ,“‘”"‘l’t"'"ﬂ_l(Y).

(See Figure /.)

s+
s+l+n
s+1 +®
s
Ey(X) Ex(Y) Ey(2) Ey(EX)

FIGURE 4. A demonstration of Theorem 6.18

Proof. Consider the following two distinguished triangles of synthetic spectra
vX L 20-eNyy & 50 el —elo)y 7 2y 3101 3 x = 5310, x

rq O 7 )\Tlfl
S0,0/)\T i> SO,O/)\T 1 1 Sl, r +1//\m1+1 Sl,O/)\r

and their smash product. See Figure 5.
By condition (1), we have

-

(6.19) 4" (z) = Ao
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A UX 0y 9 s0—e(Pel)yy P s10,x
SO,O//\T [/\llx]
d |

500 /\r' =1 [z] N [Arz]

o J

Sl,—r'+1//\m1+l ['U] [)\mlﬂ]

- 1

SUONT ] —— Ty

FIGURE 5. Elements in the homotopy groups of the smash prod-
ucts

where h,v_y is the map X0¢MpZ/\"'~1 — 1 X/X\"'~1 induced by h. By condition
(2), we have
(6.20) 4 (3) = Ay
Applying Proposition 4.15 and Proposition 5.13 to condition (3), we know that
the differential in (6.19) or the differential in (6.20) has no crossing. Hence, there
exists
(7] € {2} C m_s (wZ/N )
such that . )
o1 (7]) € AN} C o1 e (XN
and
G- ([2]) € IN™ G} C s g1 (VZ/ AT,
By condition (4), we have

This implies that there exists

W] € {y} C st tqmsi—1 (WY/A™ T
such that
g1 ([y]) € NG} C memgmr g1 (WZ/ X,
where §,,, 41 is the map £0¢@py/Ami+l 5 p7z/x™1+1 induced by §.
Due to degree reasons (Proposition 0.122), A"y detects a unique element in
homotopy,
RATIRS 7Tt—s—1,t+r’—1(VZ)/)‘m1+1~

Therefore, we have

rr—1([2]) = Gmy+1(y]) = N9,
By Lemma 6.17, there exists

izl e T s—1,t—14e(h) VX/A"),
such that
(6.21) p(N3]) = hor_1 ([20),

(6.22) Fr(Na]) = A" [y,
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where p is the map vX /A" — vX/X" =1 and f, is the map 20y X/\" — vY/\"
induced by f

The equality in (6.21) indicates that [Az] can be lifted to the E.-page of
vX /A", so we have

s t4I—1
TE L, e (X).

The equation in (6.22) indicates that
dir(\hz) = A"y,
Therefore, by dividing A\, we have

d£n+m+e<h,) (:E) = )\nly mod ijrn+l,t+n+l71(y)

for z in the E, page of vX /A1t = p X/ \rtm+e(h) By definition, this is equivalent
to
dﬁ,En+7n+1+e(h)x =y mod B;/—&-n+l,t+n+l—1(y).
0

Remark 6.23. There is also a version of the Generalized Mahowald Trick where
the assumptions involve (g, Fy,, +2)-extensions and (h, E,)-extensions of level k.
We leave this generalization to the reader.

We refer to Theorem 6.18 as the Generalized Mahowald Trick, as this approach
was first utilized by Mahowald and his collaborators in various works (see, for
example, [16]), particularly in the case where m; = [; = 0. The synthetic setting
advances this method by allowing for the consideration of cases where m; > 0,1; > 0
as well.

Remark 6.24. Several versions of classical generalizations of Mahowald’s origi-
nal trick appear in the literature and are often referred to as geometric boundary
theorems. Notable examples include the works of Behrens [2], and Ma [15].

Remark 6.25. A synthetic generalization of the Mahowald Trick, again lacking
any no-crossing conditions, is also presented in Chua’s work [8, Theorem 12.11].
This version is also incorrect for similar reasons.

The outcome of the Generalized Mahowald Trick, as stated in Theorem 6.18,
is an f-extension on a specific Adams page. In practice, the source of an (f, E,.)-
extension may survive to later Adams pages, prompting interest in the (f, E's,)-
extensions. The following Propositions 6.26 and 6.29 describe the relationships
between extensions across different pages.

Proposition 6.26. Suppose that we have an (f, E,)-extension df-Fr(z) =y, where

zeZ (X) andy € fo?’_t:_:e(f) (Y). Then for all 2 <7’ < r, we also have

(6.27) dl B (z) = y.
Furthermore, if dl-Fr(z) = y is essential and n < v’ — 2 + e(f), then (6.27) is

inessential if and only if there exists some 0 < a’ < n —e(f) and an element

o€ Z5Ha ke (x)\ zo e x)
such that X
a0 ) = XDy
for some b > 0.
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Proof. Consider the following commutative diagram:

S0y x/ -1 Iy y et

x| |7

20Ny x /-1 Iy

By Corollary 0.57, (px,py) induces a map from the f,—1-ESS to the fw_l—ESS.
Therefore, by naturality,

df;’"*l(x) = A"y implies di"/’l(x) = Anelfy,

which, by definition, is
B (z) = y.
Next, we prove the second part of the proposition. By Definition 5.4, the (f, E,.)-
extension (6.27) is inessential if and only if there exists 0 < a < n —e(f) and
ol € BFet el X /N &= i X0 /BT (X,

such that
(6.28) dlr Lt (Neal) = Aoy,

and this differential is not induced by (px, py), as we assume that dfFr(z) = y is
essential.

There are two scenarios where this differential is not induced by (px,py). The
first case occurs when A%z’ is not in the image of px at all, which is equivalent to
a' ¢ Z5TT(X). (See Figure 6.)

r—l—a

s+’

s+n

s+a

FIGURE 6. Extensions across pages

The second case occurs when A®z’ is in the image of px, but it supports an
essential f,_j-extension that is strictly shorter than the differential (6.28).
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To further explore this scenario, we replace x with \*z’ and analyze succes-
sive essential extensions. This process is repeated iteratively until the first case is
reached. Ultimately, this leads to the existence of some 0 < a’ < n — e(f) and an
element

2’ € Z I (ONZ I (X)

such that )
dfrul ()\all‘//) _ )\n—b—e(f)y/

n—a’—b
Jri 1

for some b > 0. This represents a crossing of d,” ~*(z) = An—elfy,
O

The following Corollary 6.29 is the contrapositive statement of the second part
of Proposition 6.26.

Corollary 6.29. Suppose r > ' and there exists an (f, E,/)-extension

H) =y
forz € Z>'(X) and y € Zf,t”l’iﬁre(f)(}/), Assume that this extension has no
crossing of the form di’fg’_’b‘l (') =19y foranyb>0,0<a<n-—e(f), and

o' € ZnT I (XONZT T (X)),

Under these conditions, we also have an (f, E,.)-extension
P (x) = y.

Example 6.30. In Example 7?7, we use the Generalized Mahowald Trick to estab-
lish the (f, E'3)-extension:

d§ " (hoh3) = hop,

for the map f = v : S% — S°, as discussed in Example ??(2). However, to apply
the Generalized Leibniz Rule in proving the classical Adams differential

d3(hahs) = hop
in Example 7?7, we need the E,-page version of the (f, E3)-extension:
dJ "> (hoh3) = hop.

We apply Corollary 6.29 to confirm this.
As checked in Example ?7?(2), the (f, Es)-extension has no crossing. Conse-
quently, by Corollary 6.29, we obtain the required (f, E)-extension:

"> (hoh3) = hop.

7. PROOF OF THE MAIN THEOREM
In this section, we present the proof of our main Theorem 7.1.

Theorem 7.1 (Theorem 7.1). The element h2 survives to the E..-page in the
Adams spectral sequence.

We first recall the following theorem, known as the inductive method, originally
by Barratt—Jones—Mahowald [1] and later extended to the HFo-synthetic setting by
Burklund-Xu [7, Proposition 7.19].
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Notation 7.2. Let 05 = [h2] represent any synthetic homotopy class in 762 62425
detected by h? in the Adams Ey-page. For convenience, we use the same notation,
05, to denote its image in 72 624+25%° /A" via the map S%0 — S%0/X" for all r > 1.
Similarly, let n = [h1] € m1,1415%°.

Axiom 7.3 (Barratt—Jones-Mahowald, Burklund—Xu).
(1) The element h survives to the E,. 3-page of the classical Adams spectral
sequence if and only if for some 05,

)\779% =0 1in 771257125+4SO’0/)\T+1.

2) In particular, h% is a permanent cycle in the classical Adams spectral se-
6
quence if and only if for some 05,

/\7]952) =01 7T125)125+4SO’0.
Remark 7.4. The statement in Axiom 7.3(1) was originally stated as
n&g =0in 7125,125+5SO’0/>\T

in [7, Proposition 7.19]. Upon inspection, 7125 1254+55"° doesn’t contain any A-
torsion classes, so this is equivalent to the version we stated, which is more consis-
tent with the statement in part (2).

Remark 7.5. Axiom 7.3 is proved using the quadratic construction on a map from
the mod 2 Moore spectrum to the sphere spectrum, where the restriction on the
bottom cell is 5. Therefore, it is necessary to use a 5 of order 2.

Notably, [19, 10] confirms that all classical 85’s indeed have order 2. Furthermore,
from Proposition 0.121 and an analysis of the differentials in the classical Adams
spectral sequence, we find that 7r62’62+25070 doesn’t contain any A-torsion. Conse-
quently, all synthetic 65’s also have order 2, making it valid to apply Axiom 7.3 to
any 0s.

Additionally, since the proof of Axiom 7.3 shows that the expression Anf2 cor-
responds to the total differential §; : S%°/X — SL=1 on h2, the value of the
expression Anf? is consistent for every choice of f5. (Note that our grading for the
triangulation translation functor is smashing with S0 which is consistent with [6,
Appendix A] but is different from [7, Section 7], so the target of §; is ST71.)

We pay special attention to the following three elements on the classical Adams
Es-page (see Figure 7 and Tables 7, 9, 5, 6 in the Appendix):

14,125+14
hihawipo,12 € Exty )

8,126+8
2126,8,4 + T126,8 € Exty )

2 10,124410
h01‘12478 S EXtA s
4 25,125+25
g Ahig € Ext) .

For the right side of Figure 7, we use dashed differentials to indicate the shortest
possible nonzero differentials that these elements could support.
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From Figure 7 and Tables 5, 9, 7, 6 in the Appendix, we know that

Axiom 7.6. (1) z126,8,4 + T126,8 Survives to the Eg-page.
(2) hihaz10912 s a permanent cycle, and can only be killed by

de (196,84 + T126,8) or dia(h?).

(3) h3w124,8 survives to the E-page.
(4) In Extis’125+25, the element g*/Ahig is the only one that survives to the
classical FEs-page.

Remark 7.7. From Table 9 in the Appendix, we have

dg(I12676) = h5339478, or h5l’94,8 + h6(A61 + Co + hgh%) 7£ O

Therefore, the element x196 6 € EX’CZ’HGJr6 cannot kill h1haz109,12-

We will apply Axiom 7.3 to prove the following Proposition 7.8.

Proposition 7.8. Fzxactly one of the following two statements is true:

(1) The element h? survives to the Es -page.
(2) There is a nonzero classical Adams differential

d12(hg) = h1h4$109,12~

Furthermore, statement (2) is true if and only if the following three statements are
all true:

(3) de(x126,8,4 + T126,8) = 0.

(4) There exists a 05 such that 02 is detected by )\6h3x1247g. In particular,

02 = \[h3wi048] #0 € 7T124,124+4SO’0

for some [h3w1248].
(5) There exists a homotopy class [h3x124,8) such that N3n[hdw124,8] is detected
by /\6h1h4x109,12. In particular, we have

Nnhgaia ] = A°[h1hawiog 12] € Ti25,125485""
for some [h1hax109,12].

By further analyzing classical Adams differentials, we reduce the n-extension
in statement (5) of Proposition 7.8 to a specific 2-extension in stem 125 (Corol-
lary 7.18), and then compare it with a particular v-extension in stem 125 (Lemma 7.20)
to demonstrate that the 2-extension cannot hold. This ultimately leads to the proof
of Proposition 7.9.

Proposition 7.9. If statement (3) is true, then statement (5) in Proposition 7.8
must be false.

Proof of Theorem 7.1. From Proposition 7.9, at least one of statements (3) or (5)
in Proposition 7.8 is false. Consequently, statement (2) is also false, which confirms
that statement (1) in Proposition 7.8 is true. O

In the rest of this section, we prove Propositions 7.8 and 7.9.
To prove Proposition 7.8, we first establish Lemmas 7.10 and 7.11, which demon-

strate that the existential statements (4) and (5) in Proposition 7.8 are equivalent
to their corresponding universal statements (4') and (5').
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Lemma 7.10. The statement (4) in Proposition 7.8 is equivalent to the following
statement (4):

(4) For every 05, we have 952) is detected by )\Gh(2)$124’8. In particular,
02 = )\6[}131'124,8] #0e€ 7T124,124+4SO’0
for some [h3w1248].

Proof. We only need to show that statement (4) implies statement (4').
According to [10],

o2 2L/2BL/2GL/2D L2,

and is generated by 05 and classes of AF = 6,8,10. Therefore, the indeterminacy
of the classical 05, or the difference of any two choices of classical 65, lies in AF > 6.
As explained in Remark 7.5, Tg2,624+25%C contains no A-torsion, and therefore,
the indeterminacy of the synthetic 05 also belongs to AF > 6. Since every 05 has
order 2, the indeterminacy of the synthetic 62 lies in AF > 12.
Therefore, if for some 05, 62 is detected by this specific element )\6h(2)$124,8, which

is nonzero in AF = 10, then for any 65, 62 is nonzero and detected by A°h3z124 5.
|

Lemma 7.11. The statement (5) in Proposition 7.8 is equivalent to the following
statement (5):

(5) For every homotopy class [h3w1248], we have N3n[h3x124,8] is detected by
A6h1h4x109,12, In particular, we have

A n[hgw124,8) = A°[h1hatro9,12] € 125125485
for some [hihaz109,12].

Proof. We only need to show that statement (5) implies statement (5), which is
sufficient to show that the indeterminacy of [h%xl%g], or the difference between
any two homotopy classes [h%.’lf124)8], when multiplied by A*7, belongs to AF > 15,
given that [h1h41‘109712] has AF = 14.

Since [h3z124,8] has AF = 10, the indeterminacy is generated by cycles in AF >
11 of stem 124. We observe that classical cycles in AF = 11,12 of stem 124 are all
killed by Adams ds or ds-differentials, and cycles in AF = 13 are all annihilated by
h1 in Ext. Therefore, we conclude that the indeterminacy, when multiplied by A3n,
belongs to AF > 15. O

Remark 7.12. From Axiom 7.6(2) and the rigidity Axioms 0.119 and 0.120 for
the synthetic Adams spectral sequence for S%°, the right side of the equation in
statement (5') is nonzero if and only if statement (3) is true.

By Lemmas 7.10 and 7.11, we will freely interchange statements (4) and (4'), as
well as (5) and (5'), depending on the context.

Now we prove Proposition 7.8.

Proof of Proposition 7.8. From the proof of Axiom 7.3 [7] we know that
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where §; is the map S%%/X\ — Sb~1. Suppose that nf? is detected by A\"~5T;, in
AF = n of the synthetic Adams spectral sequence for some T}, € EXtZ’125+n. This
implies a differential in the §;-ESS:

A o (h3) = A" 72T,
By Axioms 0.119, 0.120 and Corollary 4.10, this is equivalent to a synthetic Adams
differential
dn—o(hg) = \"7°T;,
and a classical Adams differential
dp_o(h2) = T,.

This differential is nonzero if and only if 7T}, is nonzero on the classical E,,_s-page,
i.e., not the image of a differential d<,—3. In particular, when Anf2 = 0, we conclude
that h2 is a permanent cycle.
We first show that statements (3), (4') and (5') together imply statement (2).
By statements (4') and (5), we have that for any 05,

>\779§ =An- >\6[h3$124,8] =t )\377[h(2)$124,8] = Alo[h1h4$109,12]-

Recall from Axiom 7.6(2) that hihaz109,12 is @ permanent cycle, and can only be
killed classically by

de (712684 + T126,8) or di2(h3).

Therefore, statement (3) implies that the expression )\lo[hlh4x109,12] is nonzero in
synthetic homotopy, leading to a nonzero classical dis-differential:

di2(h) = hihaw109 12-

We will complete the proof of Proposition 7.8 by showing that if one the state-
ments (3), (4) or (5) is false, then statement (2) is also false, and in this case,

2 0,0
n0s =0 € m125,125455

making statement (1) true. This conclusion is reached by estimating the Adams
filtration of 62 and subsequently that of the expression n62.

We begin by estimating the Adams filtration of 952, in 7r124’124+450’0. First, we
observe that this group 7r1247124+45070 does not contain any A-torsion classes. This
is because, in the 125-stem, the group (from Table 7 in the Appendix)

Extfj‘l%"'i =0 fori <4,

and thus, by the rigidity Axioms 0.119 and 0.120 for the synthetic Adams spectral
sequence for SO0, in the 124-stem, A-torsion classes can only appear in 124 1244 .5°
for 5 > 7.

Additionally, by analyzing classical Adams differentials, the Adams filtration of
62 is at least 10. In the case where it is of Adams filtration 10, it is detected by
the element hZz124 s, which, according to Axiom 7.6(3), is a permanent cycle and
cannot be killed.

Upon further inspection of the differentials associated with elements in stem 124
and filtration between 10 and 13, we are left with three possibilities:

(1) 62 = X5 - [hdw124,8], which is statement (4), or
(2) 62 = X9 [egAhgg], where egAhgg is permanent cycle in AF = 13, or
(3) 62 is a A%-multiple.
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Since in Ext, we have hy - egAhgg = 0, we deduce that in either possibilities
(b) or (c), nh? is a A%-multiple. In other words, 762 has AF > 15. In the group
12512545970, the only class that is a A%multiple is actually A-free: By Ax-
iom 7.6(4), it is A\?°g*Ah;g in AF = 25 and is detected by tmf (see [3] for the
Hurewicz image of tmf). Since 65 maps to zero in tmf, we have that 762 maps to
zero in tmf and therefore must be zero in this case.

This shows that if statement (4) is false, then nf2 = 0, and therefore h2 is a
permanent cycle.

Hence, we focus on the remaining possibility (a), assuming statement (4) holds:

9? =A% [h8m124,8].

By the proof of Lemma 7.11, the only nonzero possibility for A3n[h3zi248] is
AS[h1hyz109,12]. Therefore, if statement (5) is false, then using the same tmf de-
tection argument, we conclude that 62 = 0, and consequently, h2 is a permanent
cycle.

Finally, if statement (3) is false, an inspection reveals the only alternative clas-
sical differential:

d6($126,8,4 + $126,8) = h1h4$109,12-

This, combined with the tmf detection argument, would again imply 762 = 0, and
consequently, h2 is a permanent cycle. This completes the proof. O

Before we prove Proposition 7.9, we first state and prove a few lemmas.
For Lemma 7.14, we draw attention to the following element in Ext:

21239 + hox123,8 € EXt?4123+9-
From Tables 3, 7 in the Appendix, we have
Axiom 7.13. (1) x123.9+ hoxi23 8 survives to the Adams E12-page, and is not

killed by any classical differential.
(2) We have a classical nonzero differential

da(x125,8) = h1(z123,9 + hoz123,8) + hgl”lm,s-
Lemma 7.14. There exists a homotopy class
Q] = [$123,9 + hofE123,8] S 7T123,123+950’0/)\9

with the following properties:

(1) For any homotopy class [hix1248], there exist homotopy classes

0,0 /19 0,0 /19
o € T124,1244135 JN, a3 € T125,1254159 SN,

such that
N - an = NP [hizioas] + A € 2412447570 /N7,
n-as=\-az € 2512541450 /A%,
(2) Aoy - [ho] = 0 € mi23,103475° 0 /A%,

Proof. From Axiom 7.13(1), the element 1239 + ho%123,8 survives to the Adams
E15-page, and is not killed by any classical differential.
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Let [ [$123,9 + h0l‘12378] € 7T1237123+950’0//\11 denote any homotopy class
detected by 1239 + hoz123,8. For simplicity, we also use a; to denote its images in
T123,123+9500 /A" for 1 < r < 10, under the following sequence of maps:

SO’O/)\H s S0,0//\lO . SO’O//\

— — —
o1 = [T123,9 + hoT1238] —— 1 e Z123,9 + hoT1238

From the nonzero ds-differential in Axiom 7.13, we have
h1 - (T123,9 + hoT123,8) = hgT124,8,
on the classical F3-page. This implies synthetically, for 2 < r < 11,
An-aq + A[h3x124,8] € 7T124,124+9SO’0/)\T
lies in AF > 11 for any [h3z1248].
By inspection, as in the proof of Lemma 7.11,
/\377 caq +A? [h(2)$124,8] € 7r124,124-|r7»90’0/>\9

has AF > 13. The only possibility for it to have AF = 13 is that it is detected by
the element A\%egAhgg. (Note that the class [AShyz109,12] is irrelevant due to the
nonzero differential d3(A6h41‘109712) = A8h1I122,15,2.) Since in Ext we have

hl . 60Ahgg = 0,

we may choose ag € m124,1244135%°/A? to be any class detected by A°eqAhgg, with
the property that nas is A-divisible. Thus, there exists an ag such that nas = Aas.

This proves the required property (1).

For the relation in property (2), we will first prove it in 7193 12317.5%%/A!! and
then map it to 7T1237123+7SO’0//\9.

By Proposition 0.122 for the synthetic Adams spectral sequence for S0/,
the expression

Ny - [ho] € 2312347570 /A
has AF > 17. In particular, the values
M (123,112 + T123,11 + hoheBs) in AF =11,

)\8h3$12371372 in AF =15
can be ruled out due to the nonzero Adams differentials
d?()\4 (123,112 + 123,11 + hoheBa) ) = /\10h1$121,17,

d3(A® - h§w123,13,2) = AN'Ohgw 122 16,
in the synthetic Adams spectral sequence for $%° /A1 which are zero in the spectral
sequence for §%0/)\9.
Therefore, the expression A®- a - [ho] is A0-divisible in 7123 1234+75%° /A, Map-
ping it further to mi23,123+75%%/A?, we conclude that it is zero. O

For Lemma 7.16, we draw attention to the following element in Ext:
h(2)$125,972 S EXt}417125+11.
From Table 7 in the Appendix, we have

Axiom 7.15. The element h%z1257972 survives to the Adams Es-page, and is not
killed by any classical differential.
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Lemma 7.16. Assuming that both statements (3) and (5') in Proposition 7.8 are
true, the synthetic Toda bracket

(Naq, [hol,n) C mi25,125+75%0/\?

does mot contain zero, and is detected by AN*h3x12592. Here ag = [123,9 + hoT123.5]
refers to the homotopy class described in Lemma 7.14.

Note that the synthetic Toda bracket in Lemma 7.16 is well defined, as the
homotopy class o7 in Lemma 7.14 satisfies the relation A3aq - [ho] = 0.

Remark 7.17. According to Axiom 7.15, it is not yet known whether the el-
ement h3wias92 supports a nonzero ds-differential. Assuming that both state-
ments (3) and (5’) in Proposition 7.8 are true, Lemma 7.16 specifically implies that
Ah3x125,9,2 detects a nonzero homotopy class in m125,1254+75%%/A%. Therefore, un-
der these assumptions, we would have d5(h3z125.92) = 0.

Proof of Lemma 7.16. We assume both statements (3) and (5’) in Proposition 7.8
are true. From statement (5), we have

>\377[h(2)$124,8] =\ [h1h4$109,12] € 77125,125+850’0~
Mapping this relation to S%9/\?, and applying the following relations from Lemma 7.14
N ooy = N h3wga8] + Aoas € T124,124+75%° /A7,
n-ay=\-a3 € 7T125,125+14SO’0/>\9,
we have
n- Aoy =n- A [hiz1aas] + 1 oy
= >\6[h1h41’109,12] + >\7Ot3 S 7T125,125+850’0/)\9;

which, from statement (3) and Remark 7.17, is nonzero and detected by XA, ha109,12
in AF = 14.
On the other hand, since n? = ([ho], 7, [ho]), we have

n-Anay = Moy - ([holsm, [hol) = <)\30l1, [hol. m) - [hol.
Therefore, the synthetic Toda bracket (A3aq, [ho],n) does not contain zero, and
its [ho]-multiple is detected by AShihyTi0912 in AF = 14. Since hihaxig9,12 is
not ho-divisible in Ext, the synthetic Toda bracket is detected by an element in
AF < 12.
This synthetic Toda bracket (A3a, [hol, n) lies in m125 125475%° /A%, whose AF <
12 part is generated by
[h(2)£125,5] in AF = 7,
N[he(Aer + Co + hih?)] in AF =9,
[/\4hg$12579,2] in AF = 11.
From Table 9 in the Appendix, we have
0 75 dS(x126,6) = )\2h5$94’8 + pOSSibly )\Zhg(Ael + Co + hghg)

In both scenarios, A?[hg(Aey + Co + h§h2)] remains and is in AF = 9.
For the rest of the proof, we only need to rule out the cases [h3z1255] in AF =7
and A?[he(Aer + Co + h§h2)] in AF = 9.
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For [h3z1255] in AF = 7, due to the nonzero ds-differential

d3(T126.4) = N3z 125 5,
it can be chosen to be annihilated by A2.

However, from statement (3) and Remark 7.17, Ag[h1h4x109712] remains nonzero
in the homotopy of S%°/\?. Therefore, the synthetic Toda bracket is not annihi-
lated by A2. As discussed earlier, its [ho]-multiple is detected by A°h; haZ109,12, and
thus, this case of [hdz125 5] can be ruled out.

For A%[he(Aeq +Co+h§h2)] in AF = 9, we first consider a classical Toda bracket
in stem 125:

<957 2, [A€1 + Co + hghgb

From [19, 10], me2 = Z/2 @ Z/2 & Z/2 & Z/2, so in particular both 65 and
[Aey + Co + h§h?2] have order 2, and this classical Toda bracket is well defined.

From classical ds-differentials:

da(he) = hoh?, da(hihe) = ho(Aer + Co + h§h2),
we obtain the following Massey product on the E3-page
he(Aey + Co + hoh3) = (h3, ho, Aey + Co + hgh3),

and we check that it has zero indeterminacy. Further analysis shows that there are
no crossing differentials, as per the criteria of Moss’s theorem [18, Theorem 1.2]
(noting that crossing differentials in Moss’s theorem have a different meaning from
our definition). Therefore, we have a classical Toda bracket

[hg(A€1 + Co + hghg)] S <95, 2, [Ael + Co + hghgb

Synthetically, by inspection, we also have 205 = 0 and 2[Ae; + Cy + h§hZ] = 0.
It follows that there is a corresponding synthetic Toda bracket

[he(Aey 4+ Co + hih2)] € (05,2, [Aey + Co + hSh2)).
Multiplying by A\2[ho], we get:
N[ho] - [he(Aey + Co + h§h2)] = A2[ho] - (05,2, [Aes + Co + hh3))
= \-(2,05,2)[Aey + Co + hiRZ]
= \3nfs[Aes + Co + h{hZ].

Note that all expressions in the above equation have zero indeterminacy.

If the synthetic Toda bracket (A3ay, [hol,n) were A2[hg(Aey + Co + h§h2)], map-
ping the above equation to S®°/\° we would then have a nonzero equation in
12512548500 /\9.

Nn[hdzi248] = A[hihawiog.12] = (NPau, [hol, ) [ho] + A®naz
= N[he(Aer + Co + h§h2)[ho] + Aonas
= Nnb5[Aeq + Co + hihz] + Aonas.
For this equation to be nonzero, we must have a nonzero equation
/\3[h3x12478] = A*05[Ae; + Co + hSh2] + May in 771247124+7SO’0/)\9.
However, in Ext, we have
h2(Aey 4 Co + hSh2) = 0 # h2x194 8 € Bxt! 12410,

so this equation is not possible.
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We have ruled out the possibility that the synthetic Toda bracket (A3a, [hol,7)
is detected by A%[he(Aey + Co + h§h2)] or [h3x1255). Therefore, we conclude that
it must be detected by [A*hZz125.9 2]. O

From the proof of Lemma 7.16, we have the following [ho]-extension.

Corollary 7.18. Assuming that both statements (3) and (5') in Proposition 7.8
are true, we have a relation: For any homotopy class [)\4h(2)m125’9,2],

[Nh2z1950.9] - [ho] = A8[h1hawi09.12] # 0 € 1251254850/,
fO’/‘ some [h1h4$1()9’12].

Proof. From the proof of Lemma 7.16, there exists a homotopy class [)\4h(2)a?125’9,2
contained in the synthetic Toda bracket (A3ay, [ho],n), and we have

INhZ2125.0.0] - [Ro] = N3y, [hol,n) - [ho] = A8 [h1haz100,12] + N 3.

Since M a3 is in a strictly higher filtration than )\6[h1h4x109712], we may choose
another class [h1h4109,12) such that the right-hand side of the above equation is
simply AS[h4 ha109,12]. From the discussion of this synthetic Toda bracket in the
proof of Lemma 7.16, we know that the difference of any two classes detected by
)\4h%$125,g72, when Inultiplied by [ho], is not detected by )\6[h1 ]’L4.73109712}. Therefore,
the corollary holds for any choice of [)\4}131'1257972}. O

We have one more Lemma 7.20 before we prove Proposition 7.9.
We draw attention to the following element in Ext:

h1$121,7 S EXti’122+8.
From Table 2 in the Appendix, we have

Axiom 7.19. The element hixi21,7 survives to the Adams Eg-page, and is not
killed by any classical differential.

Lemma 7.20. There ezists a homotopy class [AN*hiz1917] € T122.120445%°/A%,
such that

M hi2121.7] - [ha] = ANhE2125.0.2] € T125,125455%0 /A%,

Proof. From Axiom 7.19, we know that the element hiz121,7 may only support a
nonzero d,-differential for r > 6. By Proposition 4.6, )\4h1x12177 detects nonzero
homotopy classes in 7r122’122+45070 / A%, and hence the required existence of such a
homotopy class.

For the desired relation, we apply the Generalized Mahowald Trick Theorem 6.18.
Consider the distinguished triangle

S84 80 5 80w 4 5t
The short exact sequence on HF3-homology
0 — HF,,S° = HF,,S°/v %5 HF,,5* — 0,
induces a long exact sequence on Ext-groups
co 2 Ex(S9) L Bxt N (50/v) L Extt(SY) 22
Also recall for notations, if an element z in Ext’;"(S%/v) satisfies

¢«(7) = a # 0 € Ext"(S%),
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we denote x by al4]; otherwise, due to exactness,
x =i, (b) for some b € Ext’*(S°),

and in this case, we denote x by b[0].
We consider

T = h1x12177 c EXtZ’lSO,

T = hiz121,7[4] + ®126,8[0] + 2126,8,2[0] IS Extff{l%(so/lf);
y = hiT125.9,2 € EX’G1141’136,

- 9 11,136 1 00

Yy = h0$125’9’2[0] S EXtA (S /V)

For conditions in Theorem 6.18, we have:
(1) d@" (h1z191,7[4] + %126 8]0] + T126,8.2[0]) = h1z121.7.
(2) d3(h1$121,7[4] + x126,8[0] + x126,8,2[0]) = h3$12579,2[0]. This is a classical
Adams ds-differential for S°/v, and is obtained from our computations.
(3) (a) The differential in (1) has no crossing, as it is a dp-differential, and
(b) Upon inspection, the differential in (2) has no crossing.

(4) dé’Ez (h%l‘12579,2) = h%$1257972[0], as h%l‘125792 is not divisible by hQ in Ext.
Since all conditions of Theorem 6.18 are satisfied, we conclude that there is an
([he], E4)-extension:

dghQ]’E4(h1I121,7) = h31’125,9,2-
In other words, we have the following relation:
[hiz121,7] - [h2] = A’ [h§z125.0.2] € T125,1251957° /A%
Using the map p : S%°/A\% — §%0/)3 from Notation 4.1, we lift the above relation

and obtain:

[hiz121,7] - [ho] = [N°h§T125,0,2] € T125,12549570 /A%,
In fact, since hi2121,7 - he = 0 in AF = 9 of Ext, we might obtain a relation of the
form:
[hiz121 7] - [he] = [A2] + [N2h3w195.9.2] € 1951251950/ A%,

for some element z in AF = 10. However, upon inspection, for all x € Extjlf’l%ﬂo,
the homotopy class [Az] either does not exist or can be chosen to be zero.

Using the map \* : £%74890/)\5 — §0.0 /A9 from Notation 4.1, we further push
the above relation and obtain the following relation:

[)\4h19€121,7] : [hz] = )\[)\5h(2)$125,9,2] S 7T125,125+550’0/)\9~
This completes the proof. O
Now we prove Proposition 7.9.
We draw attention to the following elements in Ext:
heMdy € Extjléll’u“ll,
hazor11 € Bxt2122412,
From Table 2 in the Appendix, we have
Axiom 7.21.

(1) The element heMdy survives to the Adams Eo-page.
(2) The element hsxg1 11 survives to the Adams E-page.
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Proof of Proposition 7.9. We assume that statement (3) in Proposition 7.8 is true.
For the sake of a contradiction, we also assume statement (5') is true.

From Lemma 7.20 and Corollary 7.18, there exists a homotopy class
[)\4h1.’)312177] S 7T122’122+4SO’O/)\9, such that

[A*hiz121,7] - [ha] - [ho] = AN hiz125,9.2] - [ho]
= N[h1haz109,12] # 0 € T125,125+65°7 /A%,

for some [h1h4T109,12]). Note that statement (3) in Proposition 7.8, Axiom 7.6(2),
and Proposition 4.6 imply that the expression )\S[hlh4x109,1g] is nonzero in the
homotopy of S%0/\?.

Since the element detecting hqih4T109,12 in not an hg-multiple in Ext, we must
have the expression

A*hiz121,7] - [ho]

in 77122,12%550’0/)\9 be nonzero, and have AF < 12. Upon inspection, the only
possibilities are:

MN[hgMdo] in AF =11, A[hswe111] in AF = 12.

From Axiom 7.21 both heMdy and hsxg; 11 are nonzero permanent cycles in the
classical Adams spectral sequence, so either possibility would lift to a relation in
the homotopy groups of S%°.

For the case of \S[hgMdy], consider the expression

N[heMdy)] - [ho] € T125,125+105"°.
Since hgMdy - ho in AF = 12 is killed by a classical ds-differential, we know that
AlheMdy)] - [ho] € T125,125+115%°

is in AF > 13. Upon inspection, the permanent cycles in Ext}f’l%“g are all killed
by ds or d4-differentials, and thus,

N[heMdy] - [ha] € T125.125+105"°

is in AF > 14. Therefore, for the above relation in the homotopy of S%°/\? to
hold, we must have

>\2[h6Md0] : [h2] = )\4[h1h4$109,12] € 7T125,125+1050’0~
For the case of AT[hsxg1 11], consider the expression
)\[hsmgl,n] : [hz] € 7T125,125+1250’0-
Since hsxgi 11 - he in AF = 13 is killed by a classical dp-differential, we know that
A[h5$91,11] : [hz] € 7T125,125+1250’0

is in AF > 14. Therefore, for the above relation in the homotopy of S%°/\? to
hold, we must have

AMhswor11] - [he] = N [h1haw100.12] € 1251255125,
In both cases, A*[h1h42109,12] is a A[hg]-multiple in the homotopy of S%°. Since
the classical v € m3 has AF = 1, we have
590 /(A[ha]) ~ v(S°/v).
By the rigidity Axiom 0.119 of the synthetic Adams spectral sequence for S%°/(A[hs]),
we know that the element )\4h1h4x109,12[0] must be killed by a synthetic Adams
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differential, which corresponds to to a statement that in the classical Adams spec-
tral sequence of S°/v, the element hyhyr109,12[0] must be killed by a d,-differential
for r <5.

‘ S ‘ Elements ‘ dy ‘ value ‘

h§2hZ[0] dy b | AR (0]

14 2126,14[0] d:;l (((z123,11,2) + (@123,11) + hohe[Ba])[4])
Q2D3(h3[4]) + Daxes g[0] d; " | (((z123,11,2) + hs(292,10))[4])
Do g3 3[0] dy | hoQax6s,30]
hg' g [0] dy " [ h§®h7[0]
hi1120,11(h1[4]) dip |7

13 h12125,12,2(0 ds | d3wg7,10[0]
hes6,10(hoha[4]) d3 | hix124,15[0]
(((w122,13) + hi(x12011) + hihe(Mdo))[4]) | da | #125,15[0] + hiw125,12[0]
hoh:ﬂ?us)ﬁn[o] do hgﬂﬁ125,12[0]
dy294,5[0] dgl Z127,10[0]

12 ho hg[0] dy T [ h3R[0
((hs(xo1,11) + ho(z122,11))[4]) ds | Qaxess[0]
h3119,11[0] dy | h3z125,12[0]
hihi[0] dy " | hShe[0]

11 71926,11[0] dy " [ a127,8[0]
h1I125V10,2[0} + h11‘125,10[0] Permanent
h1$125,10[0] dyg |7
ho126,8[0] dy ' | how17,7[0]

10 [F3R2[0] & [ R 0]
%126,10[0] ds | nxgss[0]
hoz126,8[0] dy ' ] w127.7[0]
TR0 RN

9 | hiw1255[0] dig |7
hoz126,8,3]0] ds | hox125,12[0]
2126,9[0] ds | h§zi125,8]0]

TABLE 1. The classical Adams spectral sequence of S°/v for 9 <
s < 14 in stem 126

However, from Table 1 (obtained from [13] [12], and can be visualized from [11]),
in the classical Adams spectral sequence of S°/v, the element hjhyz109,12[0] is not
killed by any d, for r <5 (from the range of 9 < s < 14 in stem 126). Therefore,
we arrive at a contradiction. (Il

8. APPENDIX: THE CLASSICAL ADAMS SPECTRAL SEQUENCE IN THE RANGE
122 <t—s5<127,5 <25

We provide a brief overview of Lin’s computer program for computing Adams dif-
ferentials and extensions. The program’s functionality for propagating differentials
and extensions relies on the following data:

The Adams Fs-pages of a collection of CW spectra.

Maps between these Fa-pages.

Adams do-differentials for certain CW spectra.

There are three manually added differentials: dsh3*hg = h3P%dy and
dhihr = h%x126760 in the Adams spectral sequence of S° (from the image
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of J), and d3vi® = $°g in the Adams spectral sequence of tmf, derived
from power operations (Bruner-Rognes [5]).

Detailed descriptions of these data are available in [12]. Lin’s program extends
these results by computing additional Adams differentials using tools such as the
Leibniz rule, naturality, the Generalized Leibniz Rule, and the Generalized Ma-
howald Trick. All computed differentials and extensions are accessible via interac-
tive plots [11].

Moreover, the proofs provided in [12] offer more information than the interactive
plots. These proofs include numerous disproofs of potential differentials, even for
cases where the differentials remain unresolved. For example, consider

21,126421 ; 00
Z126,21 € F5 (7).

The spectral sequence plot for S° shows that 12621 survives to the E,-page, but
the value of dy(2126,21) undetermined. By analyzing the proofs in [12], we observe
that many potential values for d4(x126,21) have been ruled out. Consequently, we
conclude:

da(T196.21) = T125,95.2 + T125,25 + g*Ah1g + possibly daeggBy.

Tables 2—12 present results from Lin’s program for the classical Adams spectral
sequence of the sphere in the range 122 <t — s < 127, s < 25.
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| s | Elements | dy | value \
95 e0g>Ah1g d;l > A’m
dog[Ba] dy | djwes,s
[ 24 [ dogA?g? | d2 | doeog®Ah3 \
923 Rh1$113,18,2 dy ' | 719320
h3doz10s,17 ds | diMy
eog°Mg d§1 h3hsx116,16
22 | 122,22 ds h5d0$107,19
hodox108,17 ds | h3dow107.18
21 h%d0€0$91711 Permanent
dox108,17 dy | doegAR3[Ba] + hodox107,18
hix122.16 ‘ dy | hohswiie.16
20 g“(Co + hghé) ds g‘ﬁAhjn
hodoeoTor,11 ds | h§z121.16
19 hiw122.16 dy! h3®'(116,16
doeoTo1,11 do | hod3zos 12
h3r122.16 dy ' | h2r193.13.2
18 | hizi21,17 d7_1 Z123,11,2 + 123,11 + hohe[Ba]
dox108,14 ds | hod3xes 12 + hjTi21 16
h0$122,16 dgl hoI123,13,2
17 3 =1 2
g [Hl] d3 Ah2$93’8
T122,16 + h01122,15,2 d3_1 2123,13,2
16 Ah%.%‘gg,lo dgjl 123,13
how122,15,2 Permanent
15 122,15 ds3 93A
T122,15,2 do h3h4$106,14
’ 14 ‘ hoT122,13 ‘ dgl ‘ T123,11,2
h3heMdg dy ' | 19311
13 hfl’lgo)ll Permanent
T122,13 ds h0h4-73106,14
hohe M d dy ' | z123,10
12 | how122,11 d; " | howias s
hsxo1 11 Permanent
11 LZiz2u+ heMdg dy' | 1038
heMd Permanent
[9-10 | \
[ 8 [hiwiay lds |7 ‘
[ 0-7 | |

TABLE 2. The classical Adams spectral sequence of S° for s < 25
in stem 122



ON THE LAST KERVAIRE INVARIANT PROBLEM

‘ s ‘ Elements ‘ d, ‘ value
[ 25 |
=T
hlphll‘us,ls,z d2 X124,22
24 dgAhg]\/fg d;l d0$110,18
do]\/fp$56710 d4 AIPIL‘(}QJS
T2 3
‘ 23 ‘gAm ‘dz ‘eOgAhlg
‘ 21-22 ‘
[ 20 [ w1230 | ds | Phiz113as2
2 6 =T
€0g°Te6,7 + hgx123,13,2 dy T124,17
6 =T 73
h037123,1372 d2 hoilﬂ124,14,2
19 2 —T
hoeoz106,14 + hghs116,16 d;3 "~ | eoT107,12
27 P
hghsz116,16 d3 | eog~Mg
=T 772,
hjr123,13,2 dy” | hgT124,142
18 €02106,14 -+ h()hgfllﬁ_]l(j Permanent
hohsri16,16 da hix
, 07122,16
2 1 =
/10$123,15 + h0$123,13,2 d2 h0$124,14
1 —1I P
17 hr123,13,2 dy ho%124,14,2 + hoT124,14
doZ109,13 Permanent
3
h3$116,16 ds h050122,16
3 =T
h0$123,15 + ho$123,13,2 d2 124,14
3 =T
16 h037123,1372 dz 124,142 T 124,14
—T
h17122152 ds har109,12
=
123,15 dy" | Ti24112 + T12am1
—T1
15 har108,14 U5 hor124,9
7 P
hgr123,13,2 d3 | hgTi22,16
3 =i
hiyT123,11 5 | hori24,11
14 | how123,13,2 ds hor122,16
P 3
Ahjzrg3 8 ds | g°[H]
2 -7 ..
flOJ123,11 d2 X124,11
13 | w123,13,2 ds | 122,16 + hoT122,15,2
P
2123,13 ds Ahzﬂ”92,10
2 =T
hoz123,11 + hihe|Ba) ds 2124,9,2 + RoT124,8
- —T
12 T123,12 d3 T124,9 + h09012478
2 =T
hihe|Ba] d; hgA
2 =
hgT123,9 dy” | T1249
—T1
hf5$92,10 d5 2124,6
11 | 123,112 + 123,11 + hohe[Ba] | d7 | haz12117
212311 + hohe [Ba] ds ho%122,13
hoh@ [34] d2 h%hﬁ]\é{do
. -1 71,
hoz123,9 dy " | T124,8
—T
10 | 2123,10 + he|Ba] 3 | T124,7
}Lﬁ[Bzd d2 }Lohﬁj\ldg
9 Z123,9 + hox123,8 dig |7
h0$123,8 ds ]10-77122,11 + hoheMd,
[ 8 [wiss [ ds [ ®12211 +heMdy
[ 07 ]

TABLE 3. The classical Adams spectral sequence of S° for s < 25
in stem 123

53
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‘ s ‘ Elements ‘ d, ‘ value
11 =TT17.9
hg x124,14,2 dy " | hgTi2s,14
0 TR p
25 | iT101,18 do | dgAhszes 13 + hoPdoT101,18
dQGQAahlg d2 d%gBm
10 —T 178
24 ho T124,14,2 d2 }1017125,14
9 =
hidoz110,18 dy " | hoeoios,17
9 —T 7.7
hox124,14,2 2 | hoxi2s14
9 T
923 dogAh5[By] + hodow110,18 | dy ™ | eo%i08,17
—1
hodoz110,18 ds ™ | x125,20
doz110,19 Permanent
8 =T 176
hg-73124,14,2 d2 ]7/0-7?125.,14
TAZ T
99 | 9 A%t d3 " | 9%105,15
124,22 dy h1Ph13€113,18,2
2 i
d01‘110718 d2 dOAhQAIg‘
7o —T1 5.
91 héx124,14,2 5 | hixi25,14
2 =
hodg[AA g] 2 | dogxor 11
2 hg$124,14,2 d§1 ]7/3-77125.,14
2 =1 -
di[AAg] 5 | hMTi24,14
5 —T 173
19 hoI124,14,2 d2 ho$12s,14
doz110,15 Permanent
. 4., —T1 R
hox124,17 + hgT124,14,2 5 | 125,16
18
7 T2
hox124,14,2 2 | hgxi2514
3 =i
hgﬂ?124,14 d2 T125,15
pp =T ;
17 h§Tr124,15 5 | hoTi25,14
Vi 6
124,17 dy | eog“xee,7 + hgT123,13,2
3 6
hox124,14,2 do | hgT123,13,2
. —T1 R
hox124,15 2 | 125,14
—T
h1x123,15 5 | haziis,12
16 | h2z194.14 Permanent
2 2
€07107,12 d3 | egg*xee,7 + hoeoT106,14 + hghsTiie,16
7 5
hgx124,14,2 do | hgT123,13,2
=
T124,15 1| heTe2,10
15 h37110,13 + hoT124,14 Permanent
2 8
hox124,14 do | h§T123,15 + hgT123,13,2
V)
h(1$124,14,2 do hol'123,15
=
h1I123,13 d2 T125,12
—T
h1$123,13,2 d2 T125,12,2
14 [ Ah3zos s Permanent
- 3
%124,14 do | hoT123,15 + higxi123,13,2
2124,14,2 dy h0$123,15
=4 71 3
hgxi24.8 dy" | hiziass
67,2 =1
13 [H1](Aer + Cy + hghg) ds 125,10,2
eoAhgg Permanent
h4€L'109,12 ds h11'122.,15,2

TABLE 4. The classical Adams
s < 25 in stem 124

spectral sequence of SY for 13 <




TABLE 5. The classical Adams spectral sequence of S° for s < 12
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how124,11,2 + hoT124,11

=T
dy " | 125,10

P T
h§T124,10,2 + hoT124,8

—1
dy " | ho%125,9,2

12 héz124,8

=T ]
dy " | h§T125.8

=T
h1$123,11,2 d3 2125,9
3
hol‘124,11 da h()$123711
3 =T
h0$124,10,2 + h0$124,8 d2 L125,9,2
3 —1I P

h3z124,8 dy " | ho%1258

11 T124,11,3

— 1T
d3 L125,8,2

124,11,2 T 124,11

dy | 123,15

T124,11

7
dy | h§T123,11

2
hi1%123,9 + hgT124.8

—T
d2 2125,8

T124,10,2 + hoT124,9 d; " | he[H1

10 | #12410 + h§T1248 dy T [ he[H1] + howi2s 5
héI 124,8 Permanent
h0I124,9 ds h433108,14

%124,9,2 + ho%124.8

ds | howi23,11 + hEhe[Ba]

9 | 2124,9 + ho%1248

ds | 123,12

hoT124,8 dy | hjzi239
[ 8 [7i248 [ dy [ howizso ‘
hoT124,6 dy " | 21255
7 hGA d5 héhﬁ[B4]
T124,7 ds Z123,10 + he|Ba
[ 6 [ 21246 [ ds | hswoz 10 ‘
[05 ] |

in stem 124

‘ s ‘ Elements ‘ d, ‘ value
2 —1 e
digeog[B] dy hiw125,20
7 =T
o5 | £125,25,2 + 125,25 + 9 Ah1g | dy | 126,21 + possibly hix125 20
g*Ahig Permanent
712525 dy | hoT124,26
o) TA72
‘ 24 ‘ eogAZg ‘ do ‘ dog*Ahs
2 3
923 higeorios,17 d3 | dgeoMg
hY d hit
01125,14 2 0 L124,14,2
3 =
g°Mg d4 126,18
- % —T1 .
99 | 1%102,15 + hgw125,14 dy" | 9T106,14 + €0T109,14,2
he d hiv
0L125,14 2 0 L124,14,2
p)
hoeo10s,17 dy | hidor110,18
=
T125 21 dy " | dor112,13
7 pm
21 | hpri2s5,14 dy | hgT124,14,2
P
€07T108,17 dy | dogAh3[Ba] 4+ hodoT110,18
=
hodogror 11 dy | 126,182
P
20 | 125,20 ds | dogAh3[B4]
G g
h01‘125,14 ds h0$124,14,2

TABLE 6. The classical Adams spectral sequence of S° for 20 <

s < 25 in stem 125

55
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J105,15 ds | g?A%
19 | hjw12s,14 ds | hi{w12414,2
dogzo1,11 do | hod3[AAg]
18 297 10 dgl h1%125,12,2
’1/3?6125,14 dy }181’124,14,2
17 h3Qomes 8 dgl hQDQIG&S
h3x125,14 dy | hiT124,14,2
hoQ2%68,8 dy ' | Doxess
16 h1%124,15 dll hgxus,m
T125,16 dy | howiza17 + hgT124,14,2
h§z125,14 dy | hjzi24,14,2
h/8ﬂ3125,12 dEl hohsri19,11
Q2768,8 dy " | himias 1o
15 | hix124,14 ds | dj[AAg]
T125,15 dy | hiwi2414
hoT125,14 dy | h3z124,15
hiw105,12 dy ' | haziio11
14 | hihyz109,12 Permanent
T125,14 dy | hoT124,15
hiz125,9.2 dy T | 126,11
hix125.8 dy " | howi26.10
13 | nwoas | hizioss
hoZ125,12 dll hi1%125.8,2
h3l‘118,12 ds }L1w123,15
hoheTe2,10 dgl 126,10
h3z125.00 + haTioss | d3 ' | 1269
12 [ hiz1058 dy " | 1269 + hoT126,83
2125,12 ds h1x123,13
T125,12,2 dy | hiT12313,2
h1%124,10,2 ds' | Ti26g
h12124,10 51 | 712682
11 hé.’]}lg\r))g?g d5 ?
heTe62,10 dy | T12415
h3z1958 do | RYz1248
ho%125,9 d;1 126,8,3
2125,10,2 ds | [Hi](Aey + Co + h§h3)
10 | x125,10 dy | ho%124,11,2 + hoT124,11
ho®125,9,2 do | h3z124,10,2 + hiT124,8
h3z 1255 dy | hjz124,8
he(Aey + Co + h8h2) Permanent
h5To4 8 d7 |7
9 | w1259 d3 | hiz123,11,2
£125,9,2 dy ho$124,10,2 + h817124,8
h10'77125,8 ds h8%124,8
8 £125,8,2 ds T124,11,3
Z125,8 dy | hiwigs,o + hiTioas
‘ 7 ‘ h3T125 5 ‘ 3’ ‘ Z126,4 ‘
6 he[Hi ] dy | 124,102 + ho%124,9
hoT125,5 dy | 124,10,2 + T124,10 + hoT124,0 + hiT1248
[ 5 [71255 [da [ howizae ‘
[0-4] |

TABLE 7. The classical Adams spectral sequence of S° for s < 19
in stem 125



ON THE LAST KERVAIRE INVARIANT PROBLEM

‘ s ‘ Elements ‘ d, ‘ value
7 =T [ 721
‘ 25 ‘ howlzg,lg ‘ dg ‘ hO h7
PEY =i
doeoA}L2A/[g d2 doxllg’lg
G =T 7320
2 hoi26,18 ds | hi hy
g Ahgcy d; '] g3C”
doPdoA/[2 (J_Il doeo[AAlg}
5 —T [ 710
923 hgr126,18 ds | hy hy
3. -
126,23 dy " | eor110,15
P 4., —1 P
hox126,21 + hgTi126,18 | d3 = | hi%126,18,2
22 hd d- 1 | hidt
102126,18 3 vy N7
}7/87E126,18 (l;l h/(1)7h7
2
21 | hiwi25,20 dy | dgeog[Ba]
T : 7
126,21 dy | ®125252 + T125,25 + 9" Ah1g + possibly djeogBs
2 —T [ 7,16
20 h()x126,18 d3 hO h7
—1
doz112,16 d5 T127,15
—T 1715
19 hor126,18 ds ™ | hy’hy
3 =
9" Tee,7 3 9%107,12
126,18 1+ €07109,14,2 dr |7
37
€02109,14,2 dy g°Mg
18 - - 3 g
gT106,14 dy | i%102,15 +9° Mg+ hgri25,14
2126,18,2 do | hodogTo1,11
hi°hg dy " | hithy
2 =1
17 hix124,15 dy " | heTea,14
126,17 dg |7
d0$112,13 dy T12521
h&*h2 dy | hi3hy
p) T
16 hODQIGS’g d3 T127,13
2 —1 2
hix124,14 dg " | hawi24,9 + hiTi127.8
1372 =T 12
15 AR 4y hihs
}I,ODQ.’IZ(;&S (12 }LOQQZI}G&g
212 —T [ 711
ho”hig dy . hg bz
2 5
126,14 dy " | hgriorg
14 i
h1h3$118,12 d5 h1$126,&,2
Dixes g dy | hoQaes s
hiThZ dy | hiOhs
2
13 | hiz125,12,2 ds | dixo7,10
3
hoh?,IllQ,H do hol"125,12
=1
dixous dy " | T127,10
—1
h056126,11 d2 h356120,9
1072 ~T779
12 hg hg 5 hohr
holf126,10 dy h1I124,15
= 7
hax119,11 dy | hgwis,12
2 =
h§x126,9 dy " | hoTi278
h3hZ dy " | h8hy
11 h12125,10,2 + h1x125,10 Permanent
hiz125,10 dy | QaTess
- T
T126,11 do | hgri25.9.2
0
ho%126,10 dy | hgTizss

TABLE 8. The classical Adams spectral sequence of SO for 11 <
s < 25 in stem 126
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ho%126,9 dy " T127,8
hgﬂﬁus.s dgl hoxi27,7

10 [3H2 dy " | Wik
h%xlg(;,g,g Permanent
126,10 dy | hohews2,10
hoT126,8 dy | a7
IRz d, " [ hSh,

9 h1Z125,8 dy | nxoag
hlx125,8.2 dy h()1125,12
Z126,9 ds | h3z125,9.2 + hizi58
hoT126,8,3 ds | h3z125,9.2
hShZ dy ! ggm

he(C" 4+ X5) di7
8 126,84 + T126,8 dg ?

Z126,8 ds | hiT124,10,2
T126,8,2 ds | hiT124,10
2126,8,3 do | hoT12s,9
- Lhohd dy U] hihy
hihe[Hi] dig | ?
6 hahZ dy | hdhy
T126,6 ds h5$9418 + possibly hﬁ(Ael + Co + hghg)
LT FRILTE |
4 Lhghd dy U [ hohy
1264 ds | h3zi2s,5
‘ 3 ‘ hoh? ‘ d2_1 ‘ hr ‘
[ 2 [A3 KK |
[0-1]

TABLE 9. The classical Adams spectral sequence of S° for s < 10
in stem 126

‘ s ‘ Elements ‘ d, ‘ value ‘
27 T0
h3*h; ds | hg 126,18
- 3
25 12104,18 dy doI84,15.2 + h()d()$112,22
dogA3h1g dy | doegg®m
2 =
hidox113,18 dy | hogio8,17
. —I .
24 h1~7«126723 dg 2128,21
73 g
h23h; ds | hgTi26,18
2 =1
eogAh3[By] + hodoz113,18 | dy | 9%108,17
- 3
hodo113,18 dy | dixsaise
23 22 .
h3?hr ds | hgzi26,18
doPdozgr 11 ds | hizi2s,25
doI113,18.2 dll doeofﬁ.t)?,w
2T T
22 h[) h/7 dg h[)~1'126,18
7
do113,18 dy | doegAR3Mg
6 —1 5
hgT127,15 dy | hgTi2s,14
91 L2721 +g2C" Permanent
70 3
hg hy ds | hgri26,18
930” ds3 94Ah201

TABLE 10. The classical Adams spectral sequence of S° for 21 <
s < 25 in stem 127
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h3x127,15 dgl hé$12&,14

20 do(io [AAlg] d4 dOPd()]\/IQ
h(1)9h7 ds }1(5)-’5126118
hix127,15 dgl h3x128,14
h17126,18 Permanent

19 | eoT110,15 dy | 126,23
7111’126,18,2 ds h017126121 + hé$126,1s
h§¥hy ds hgw126,18
}LSZL'127,15 2_1 }LK(Z).’L‘128114
hihewes 14 dy ' | hihewes s

18 | g°Ahy Hy ds' [ gzi0s.11
hi1x126,17 Permanent
h(1)7h7 ds hgl‘n&,ls
h3haT124.14 d§1 128,15
hor127,15 dy ' | T128,15 + hoT128,14

17 h(2)h63764,14 dy ! hohexes, 13
9%107,13 1 | hohamioran
hg®hy ds h§x126,18
hox197.15 + hohot124,14 | d5 ' | 128,14
hoheTea,14 dgl hexes,13

16 hohaT124,14 Permanent
127,16 Permanent
ho®he ds hor126,18
9r107,12 ds 93%66,7
h1%126,14 2_1 2128,13,2
hat124,14 Permanent

15 | ®127,15 ds | dow112,16
h(1)4h7 dg h(l)shé
heTea,14 dy | hizi24,15
hogAhgg dy ' [ 7198122

14 | hohsx120,12 2_1 hax121,11
h(l)dhq do h(l)4hé
}LSCL'127,10 2_1 ho%128,10
gAhgg d§1 2128,10,2

13 | h3zi20,12 di' | howios,s 2
127,13 ds | hiDazes s
hiZhy dy | hE3hE
h3z127,10 dy ' [ 12810

12 | hiwi26,11 dy' | hiziars
hg'ha dy | hiZh2
hoh3zr120,9 d;l hsDshg

1 hohar124,9 Permanent
hoT127.10 Permanent
htl)uh7 d2 h(l)lhé
hri)ﬂﬁus,s Permanent
hot124,9 + h3T127,8 ds | Miz124,14

10 }Lé$127,8 dy 126,14
2127,10 do d11’94,8
h:ﬁ/wo,g dy hor126,11
hhy & | WA

TABLE 11. The classical Adams spectral sequence of S° for 10 <
s < 20 in stem 127
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hix127 7 dy ' | howias

h/l £126,8 Permanent
9 h11'126,8,2 ds h1h3$118,12

hoxi27 8 ds | h3z1269

STy AR

hoT127,7,2 + hoTiar7 + heTior6 | dy ' | T1286

h2z127.6 dy " | howias 5

hohgA Permanent
8 }L2$124,7 dg ?

T127,8 da | hoT126,9

hox127,7 do | h3z1268

hgh7 d2 hghé

hor1276 dy " | 21085

hix126 6 dig |7
7| 27,72 + Ti27,7 ds |7

T127.7 dy | hoT126,8

i &y | Iz
6 T127,6 dy ?

Rohe &y | Oz
BUE & T
LT & o]
3 hlhg d14 ?

R2h, & | T30
(2] hohr [dy [h3hd \
’ 1 ‘ h7 ‘ d2 ‘ hoh% ‘
0] |

TABLE 12. The classical Adams spectral sequence of S° for s < 9
in stem 127
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